
8 �¤¥ «ìë¥ á¨áâ¥¬ë ¡®§®®¢ ¨ ä¥à¬¨®®¢

�®«ìæ¬ ®¢áª®¥ ¯à¨¡«¨¦¥¨¥ ¯¥à¥áâ ¥â à ¡®â âì ¯à¨ ¨§ª¨å â¥¬-
¯¥à âãà å ¨ (¨«¨) ¢ëá®ª¨å ¯«®â®áâïå ç¨á«  ç áâ¨æ. �¤¥áì  ç¨ ¥â

¨£à âì áãé¥áâ¢¥ãî à®«ì ¯à¨à®¤  ®¡ê¥ªâ®¢, ¨§ ª®â®àëå á®áâ®¨â á¨áâ¥¬ ,
  ¨¬¥® { ¨¬¥îâ ç áâ¨æë æ¥«ë© ¨«¨ ¯®«ãæ¥«ë© á¯¨ ¨«¨, â®ç¥¥, á¨¬¬¥-
âà¨çë ¨«¨  â¨á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ¯¥à¥áâ ®¢®ª ç áâ¨æ ¢®«®-
¢ë¥ äãªæ¨¨ á¨áâ¥¬ë.

8.1 �¨¬¬¥âà¨ç®áâì ¨  â¨á¨¬¬¥âà¨ç®áâì ¢®«®¢ëå äãªæ¨©

�ãáâì ' = '(x1; : : : ; xN ) { ¢®«®¢ ï äãªæ¨ï âà¥å¬¥à®© á¨áâ¥¬ë N
®¤¨ ª®¢ëå ç áâ¨æ, £¤¥ xi { á®¢®ªã¯®áâì ¯à®áâà áâ¢¥ëå ª®®à¤¨ â ¨
¤®¯®«¨â¥«ìëå ª¢ â®¢ëå ç¨á¥« i-© ç áâ¨æë. � á¨«ã â®¦¤¥áâ¢¥®áâ¨

ç áâ¨æ £ ¬¨«ìâ®¨  Ĥ á¨áâ¥¬ë ¥ ¬®¦¥â § ¢¨á¥âì ®â ã¬¥à æ¨¨ ç áâ¨æ,
â. ¥. ®â â®£®, ª ªãî ç áâ¨æã áç¨â âì 1-©, ª ªãî 2-© ¨ â.¤. �®íâ®¬ã Ĥ
¤®«¦¥ ¡ëâì á¨¬¬¥âà¨çë¬ ¯® ®â®è¥¨î ª® ¢á¥¬ ¯¥à¥áâ ®¢ª ¬ ç áâ¨æ

¨ ª®¬¬ãâ¨à®¢ âì á ®¯¥à â®à®¬ ¯¥à¥áâ ®¢®ª P̂ : [Ĥ; P̂ ] = 0:
� §®¢¥¬ âà á¯®§¨æ¨¥© T̂ ®¤ã ¯¥à¥áâ ®¢ªã ¬¥¦¤ã i-© ¨ j-© ç áâ¨-

æ ¬¨ (i 6= j). �á«¨ T̂' = ', â® ¢®«®¢ ï äãªæ¨ï á¨¬¬¥âà¨ç , ¨ â ª ª ª
«î¡ ï ¯¥à¥áâ ®¢ª  P̂ ¯®«ãç ¥âáï ¯®á«¥¤®¢ â¥«ìë¬ ¯à¨¬¥¥¨¥¬ T̂ , â®
P̂' = ': �àã£®© ¢®§¬®¦ë© á«ãç © {  â¨á¨¬¬¥âà¨ç ï ¢®«®¢ ï äãª-
æ¨ï: T̂ ' = �'; ¢ íâ®¬ á«ãç ¥ P̂' = (�1)P'.

�®áª®«ìªã P { ¨â¥£à « ¤¢¨¦¥¨ï, â® á¢®©áâ¢® á¨¬¬¥âà¨¨ ¥ ¨§¬¥ï-
¥âáï á â¥ç¥¨¥¬ ¢à¥¬¥¨. �ª § ë¥ ¢®§¬®¦®áâ¨ ¯à¨¢®¤ïâ ª ¤¢ã¬ â¨¯ ¬

áâ â¨áâ¨ª¨: áâ â¨áâ¨ª  �®§¥ { �©èâ¥©  (á¨¬¬¥âà¨çë¥ á®áâ®ï¨ï) ¨
áâ â¨áâ¨ª  �¥à¬¨ { �¨à ª  ( â¨á¨¬¬¥âà¨çë¥ á®áâ®ï¨ï).

8.2 �¨á«  § ¯®«¥¨ï

�¥à¥©¤¥¬ ®â ¥¯à¥àë¢®£® x{¯à¥¤áâ ¢«¥¨ï ª ¤¨áªà¥â®¬ã f{
¯à¥¤áâ ¢«¥¨î '(x1; : : : ; xN ) �! �(f1; � � � ; fN ) :

'(x1; : : : ; xN ) =
X

f1���fN

�(f1; � � � ; fN )	f1(x1) � � �	fN (xN ); (1)
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£¤¥

�(f1; � � � ; fN ) =
Z
'(x1; : : : ; xN )	

�
f1(x1) � � �	�

fN (xN )dx1 � � �dxN ): (2)

�¤¥áì f � (~p; �) { ¤¨áªà¥âë© ¨¤¥ªá); �(f1; � � � ; fN ) { ¢®«®¢ ï äãªæ¨ï ¢
¤¨áªà¥â®¬ f{ ¯à¥¤áâ ¢«¥¨¨.

�¢¥¤¥¬ ¢¬¥áâ®  à£ã¬¥â®¢ (f1; : : : ; fN ) á¨áâ¥¬ã ç¨á¥« § ¯®«¥¨ï

(: : : ; nf ; : : :) { ç¨á¥« ç áâ¨æ ¢ á®áâ®ï¨¨ f , ¯®«®¦¨¢

nf =
(
0; ¥á«¨ f ®âáãâáâ¢ã¥â áà¥¤¨ f1; f2; : : : ; fN ;
m; ¥á«¨ f ¢áâà¥ç ¥âáï m à § áà¥¤¨ f1; : : : ; fN ;X

f

nf = N:

�â¨á¨¬¬¥âà¨ç ï ¢®«®¢ ï äãªæ¨ï �(f1; � � � ; fN ) ®¡à é ¥âáï ¢ ã«ì,
¥á«¨ áà¥¤¨ f1; : : : ; fN  ©¤¥âáï å®âï ¡ë ®¤  ¯ à  à ¢ëå f { ¯à¨æ¨¯ � -
ã«¨. �«¥¤®¢ â¥«ì®, ¢á¥ f1; : : : ; fN ¤®«¦ë ¡ëâì à §«¨çë¬¨ ¨ ª ª®¥-«¨¡®
fi ¬®¦¥â ¢áâà¥ç âìáï ¥ ¡®«¥¥ ®¤®£® à § : nf = 0; 1 { ä¥à¬¨{áâ â¨áâ¨ª .
� ª¨¥ ç áâ¨æë ¨¬¥îâ á¯¨ ªà âë© �h=2 ¨  §ë¢ îâáï ä¥à¬¨® ¬¨.

�ç¥¢¨¤®, çâ® ¢ á«ãç ¥ á¨¬¬¥âà¨ç®© ¢®«®¢®© äãªæ¨¨ ç¨á«  § -
¯®«¥¨ï ¬®£ãâ ¯à¨¨¬ âì «î¡ë¥ § ç¥¨ï: nf = 0; 1; 2; : : : ; N { ¡®§¥{
áâ â¨áâ¨ª . �â¨ ç áâ¨æë ¨¬¥îâ æ¥«ë© á¯¨ (ªà âë© �h) ¨  §ë¢ îâáï

¡®§® ¬¨.
� ¤ ¨¥ ffig ®¤®§ ç® ®¯à¥¤¥«ï¥â á¨áâ¥¬ã ç¨á¥« § ¯®«¥¨ï fnfig.

�®§ì¬¥¬ â¥¯¥àì,  ®¡®à®â, á¨áâ¥¬ã ç¨á¥« § ¯®«¥¨ï ¨ à áá¬®âà¨¬ ¢á¥ â¥

ffig , ¤«ï ª®â®àëå fnfig ï¢«ï¥âáï á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬®© : ffig $ fnfig.
�§ á ¬®£® ®¯à¥¤¥«¥¨ï ç¨á¥« § ¯®«¥¨ï á«¥¤ã¥â, çâ® nm1

í«¥¬¥â®¢ ¨§

f1; : : : ; fN ¯à¨¨¬ îâ § ç¥¨ï m1, nm2
{ § ç¥¨ï m2 ¨ â.¤. �î¡®¥ à á-

¯à¥¤¥«¥¨¥ N í«¥¬¥â®¢ f1; : : : ; fN ¯® s £àã¯¯ ¬ m1; : : : ;ms ¨§ nm1
; : : : ; nms

í«¥¬¥â®¢ ¢ ª ¦¤®© £àã¯¯¥ ¯à¨¢®¤¨â ª â®© ¦¥ á ¬®© á¨áâ¥¬¥ ç¨á¥« § ¯®«-
¥¨ï. � ª¨¬ ®¡à §®¬, ¤ aï á¨áâ¥¬  ç¨á¥« fnfig ®¯à¥¤¥«ï¥â  ¡®à ffig á
â®ç®áâìî ¤® à §¡¨¥¨© N ç áâ¨æ   s £àã¯¯ (s � N) ¯® nm1

; : : : ; nms
í«¥-

¬¥â®¢. �®íâ®¬ã ç¨á«® � fnfig ¢á¥å ¢®§¬®¦ëå  ¡®à®¢ ffig, ®â¢¥ç îé¨å
á¨áâ¥¬¥ fnfig, à ¢®

� fnfig =
X

(f1;:::;fN )$(:::;nf ;:::)

1 =
N !Q

f
nf !

: (3)
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�®«®¢ ï äãªæ¨ï ¢ ¯à¥¤áâ ¢«¥¨¨ ç¨á¥« § ¯®«¥¨ï ¤«ï ¡®§¥{á¨áâ¥¬
¨¬¥¥â ¢¨¤ C(: : : ; nf ; : : :) =

p
��(f1; : : : ; fN ): �«ï ä¥à¬¨{á¨áâ¥¬ � = N ! ¨

C(: : : ; nf ; : : :) =
p
N !�(f1; : : : ; fN ): �á«¨ § ã¬¥à®¢ âì â¥ f , ¤«ï ª®â®àëå

nf = 1, ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï f = m1;m2; : : : ;mN (m1 < m2 < � � � < mN ),
â®

C(: : : ; nf ; : : :) =
p
N !�(m1; : : : ;mN );

X
f

nf = N:

�®à¬¨à®¢®çë© ¬®¦¨â¥«ì
p
� ®¡¥á¯¥ç¨¢ ¥â á®åà ¥¨¥ áª «ïà®£® ¯à®-

¨§¢¥¤¥¨ï ¯à¨ ¯¥à¥å®¤¥ ®â nf{¯à¥¤áâ ¢«¥¨ï ª f{¯à¥¤áâ ¢«¥¨î:

(�1;�2) =
X
ffig

��
1(f1; � � � ; fN )�2(f1; � � � ; fN ) =

=
X
ffig

1p
�
C�
1(: : : ; nf ; : : :)

1p
�
C2(: : : ; nf ; : : :) =

=
X
fnfig

N !Q
f
nf !

1

�
C�
1(: : : ; nf ; : : :)C2(: : : ; nf ; : : :) = (C1; C2) :

8.3 � ¤ ç  ® £ à¬®¨ç¥áª®¬ ®áæ¨««ïâ®à¥ ¨ ®¯¥à â®à ç¨á«  ç -

áâ¨æ

� áá¬®âà¨¬   ¯à¨¬¥à¥ § ¤ ç¨ ®¡ ®¤®¬¥à®¬ £ à¬®¨ç¥áª®¬ ®áæ¨«-
«ïâ®à¥ ¢®§¬®¦®áâì ¢¢¥¤¥¨ï ®¯¥à â®à®¢ à®¦¤¥¨ï ¨ ã¨çâ®¦¥¨ï ç -
áâ¨æë { ®á®¢ã ¯à¥¤áâ ¢«¥¨ï ¢â®à¨ç®£® ª¢ â®¢ ¨ï. �â æ¨® à®¥

ãà ¢¥¨¥ �à¥¤¨£¥à  ¤«ï ®áæ¨««ïâ®à  ¨¬¥¥â ¢¨¤

Ĥ1	 = "	; (4)

£¤¥ £ ¬¨«ìâ®¨  Ĥ1 ¥áâì

Ĥ1 =
p̂2

2m
+
m!2

2
q2 = � �h2

2m

d2

dq2
+
m!2

2
q2:

�¢¥¤¥¬ ¡¥§à §¬¥àãî ª®®à¤¨ âã � = (m!=�h)1=2 q. �®£¤  ãà ¢¥¨¥ �à¥-
¤¨£¥à  § ¯¨è¥âáï ª ª

�h!

2

0
@� d2

d�2
+ �2

1
A	 = "	
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¨«¨
�h!

2

" 
� d

d�
+ �

! 
d

d�
+ �

!
+
 
d

d�
� � �

d

d�

!#
	 = "	: (5)

�¢®¤ï ®¡®§ ç¥¨ï

a+ =
1p
2

 
� d

d�
+ �

!
; a =

1p
2

 
d

d�
+ �

!
(6)

¨ ãç¨âë¢ ï, çâ® ª®¬¬ãâ â®à
"
d

d�
; �
#
=

d

d�
� � �

d

d�
= 1̂;

¯®«ãç¨¬ ãà ¢¥¨¥ �à¥¤¨£¥à  ¢ ®¢®© § ¯¨á¨:

�h!a+a	 = "0	;

£¤¥ "0 = "� "0 { í¥à£¨ï, ®âáç¨âë¢ ¥¬ ï ®â ®á®¢®£® á®áâ®ï¨ï á
"0 = �h!=2.

�¥§ã«ìâ â®¬  è¨å ¬ ¨¯ã«ïæ¨© ï¢«ï¥âáï § ¯¨áì £ ¬¨«ìâ®¨   ®á-
æ¨««ïâ®à  ç¥à¥§ ¯®¨¦ îé¨© a ¨ á®¯àï¦¥ë© ¥¬ã ¯®¢ëè îé¨© a+ ®¯¥-
à â®àë:

Ĥ1 = �h!a+a: (7)

�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¯®«ãç¨¬ ¯¥à¥áâ ®¢®çë¥ á®®â®è¥¨ï

¤«ï ®¯¥à â®à®¢ a; a+ :

h
a; a+

i
= aa+ � a+a =

"
d

d�
; �
#
= 1̂; [a; a] =

h
a+; a+

i
= 0: (8)

�®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á¯¥ªâà í¥à£¨¨ "0n  ©¤¥¬, ®¯à¥¤¥«¨¢ ®á®¢®¥
á®áâ®ï¨¥ (¢ ªãã¬) j0i ª ª a j0i = 0: �â® ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

 
d

d�
+ �

!
	0(�) = 0;

à¥è¥¨¥ ª®â®à®£® ¤ ¥â ¢®«®¢ãî äãªæ¨î ®á®¢®£® á®áâ®ï¨ï

	0(�) =

p
2

�1=4
exp

���2=2� :
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�î¡®© ¢¥ªâ®à jni á®áâ®ï¨ï á á®¡áâ¢¥ë¬ § ç¥¨¥¬ "0n  ©¤¥¬ ¯ãâ¥¬ ¯®-
á«¥¤®¢ â¥«ì®£® ¯à¨¬¥¥¨ï ®¯¥à â®à  a+ :

j1i = c1a
+ j0i ; j2i = c2a

+ j1i ; : : : ; jni = cna
+ jn� 1i ; (9)

£¤¥ ci { ¯®áâ®ïë¥, ª®â®àë¥ ¤®«¦ë ®¡¥á¯¥ç¨¢ âì ®à¬¨à®¢ªã ¢¥ªâ®à 

jni. �¬®¦ ï (9)   á®¯àï¦¥ë© ¢¥ªâ®à hnjac�n;  ©¤¥¬ áª «ïàë¥ ¯à®¨§-
¢¥¤¥¨ï:

h1 j 1i = jc1j2 h1 j 1i = 1; ®âªã¤  c1 = 1;

h2 j 2i = c�2 h1 jaj 2i = jc2j2
D
1
���aa+��� 1E =

= jc1j2 jc2j2
D
0
���a �a+a+ 1

�
a+
��� 0E = jc1j2 jc2j2

hD
0
���aa+aa+��� 0E + D

0
���aa+��� 0Ei =

= jc1j2 jc2j2
hD
0
����a+a + 1

� �
a+a + 1

���� 0E + D
0
���a+a+ 1

��� 0Ei = 2 jc1j2 jc2j2 = 1;

®âªã¤  c2 = 1=
p
2; ¨ â. ¤. :

hn j ni = n jcnj2 = 1; cn = 1=
p
n:

(�¤¥áì ¡ë«® ¯à¨ïâ® ¢® ¢¨¬ ¨¥, çâ® a+a+ � � �a j0i = 0:) � ª¨¬ ®¡à §®¬,
¤¥©áâ¢¨¥ ®¯¥à â®à  a+ ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬

a+ jn� 1i = p
n jni ; ¨«¨ jni = 1p

n!

�
a+
�n j0i : (10)

� ©¤¥¬ â¥¯¥àì à¥§ã«ìâ â ¤¥©áâ¢¨ï ®¯¥à â®à  a. � ª ª ª

a
�
a+
�n

= aa+
�
a+
�n�1

=
�
a+a+ 1

� �
a+
�n�1

=

= a+a
�
a+
�n�1

+
�
a+
�n�1

= � � � = �
a+
�n
a+ n

�
a+
�n�1

;

â®

a
�
a+
�n j0i = n

�
a+
�n�1 j0i ;

â.¥. p
n!a jni = n

q
(n� 1)! jn� 1i ;

®âªã¤ 

a jni = p
n jn� 1i : (11)
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�á¯®«ì§ãï (11) ¨ (10), «¥£ª® ¯®ª § âì, çâ® a+a ¥áâì íà¬¨â®¢ ®¯¥à â®à á

á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨, à ¢ë¬¨ n:

a+a jni = n jni : (12)

� ª¨¬ ®¡à §®¬, a+a ï¢«ï¥âáï ®¯¥à â®à®¬ ®¬¥à  n á®áâ®ï¨ï ®áæ¨«-
«ïâ®à  ¨ § ¤ ç  (4) á¢¥« áì ª § ¤ ç¥  å®¦¤¥¨ï á®¡áâ¢¥ëå § ç¥¨©

®¯¥à â®à  a+a :
�h!a+a jni = n�h! jni ;

â. ¥. á¯¥ªâà í¥à£¨© ®áæ¨««ïâ®à  ¥áâì "0n = n�h!, £¤¥ n = 0; 1; 2; : : : { ¨¤¥ªá
ãà®¢ï í¥à£¨¨, ¨«¨ "n = �h!

�
n+ 1

2

�
.

�à¥¤áâ ¢«¥¨¥ ¢â®à¨ç®£® ª¢ â®¢ ¨ï ®á®¢ ®   á«¥¤ãîé¥© ¨-
â¥à¯à¥â æ¨¨ ®¯¥à â®à®¢ (6): á®áâ®ï¨¥ j0i ¥áâì ¢ ªãã¬, ¤¥©áâ¢ãï   ª®-
â®àë© ®¯¥à â®à®¬ a+f ; ¯®«ãç¨¬ ®¤®ç áâ¨ç®¥ á®áâ®ï¨¥ j1f i c í¥à£¨¥©
"f ; ®¯¥à â®à af ã¨çâ®¦ ¥â á®áâ®ï¨¥ j1f i : �®áâ®ï¨¥, § ¤ ¢ ¥¬®¥ ¢¥ªâ®-
à®¬ j: : : ; nf ; : : :i ¥áâì á®áâ®ï¨¥ á nf ç áâ¨æ ¬¨, ª ¦¤ ï ¨§ ª®â®àëå ¨¬¥¥â
í¥à£¨î "f , a ®¯¥à â®à a+f af ¥áâì ®¯¥à â®à ç¨á«  ç áâ¨æ â ª®£® á®áâ®ï¨ï:
n̂ � a+f af : �¯¥à â®àë a+f ; af c ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ (á¬.(8))

�
af ; a

+
f 0

�
= �ff 0 ;

h
af ; af 0

i
=
�
a+f ; a

+
f 0

�
= 0 (13)

 §ë¢ îâ ¡®§¥{®¯¥à â®à ¬¨, á®®â¢¥âáâ¢¥®, à®¦¤¥¨ï ¨ ã¨çâ®¦¥¨ï ç -
áâ¨æë ¢ á®áâ®ï¨¨ á ª¢ â®¢ë¬¨ ç¨á« ¬¨ f :

�«ï á¨áâ¥¬ á®áâ ¢«¥ëå ¨§ ä¥à¬¨®®¢ â ª¦¥ ¬®¦® ¢¢¥áâ¨ ®¯¥à -
â®àë à®¦¤¥¨ï b+f ¨ ã¨çâ®¦¥¨ï bf á® á¢®©áâ¢ ¬¨, ®¡ãá«®¢«¥ë¬¨  â¨-
á¨¬¬¥âà¨ç®áâìî ¢®«®¢ëå äãªæ¨© (¨«¨ ¯à¨æ¨¯®¬ � ã«¨):

b+f j: : : ; nf ; : : :i =
q
1 � nf (�1)

P
i<f

ni j: : : ; nf + 1; : : :i ;
bf j: : : ; nf ; : : :i =

p
nf (�1)

P
i<f

ni j: : : ; nf � 1; : : :i ; (14)
�
bf ; b

+
f 0

�
+
= �ff 0 ;

h
bf ; bf 0

i
+
=
�
b+f ; b

+
f 0

�
+
= 0; (15)

£¤¥ [a; b]+ = ab + ba {  â¨ª®¬¬ãâ â®à. �§ (14) ¢¨¤®, çâ® ¥á«¨ nf = 1, â.
¥. á®áâ®ï¨¥ § ïâ® ä¥à¬¨®®¬, â® b+f j: : : ; 1f ; : : :i = 0 { ¢ á®®â¢¥âáâ¢¨¨ á
¯à¨æ¨¯®¬ � ã«¨.
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� ¬¨«ìâ®¨  á¨áâ¥¬ë N ¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¢ ¯à¥¤áâ -
¢«¥¨¨ ¢â®à¨ç®£® ª¢ â®¢ ¨ï ¥áâì ®¡®¡é¥¨¥ ä®à¬ã«ë (7)

Ĥ =
X
f

"fa
+
f af =

X
f

"f n̂f : (16)

£¤¥ n̂f = a+f af { ®¯¥à â®à ç¨á«  ç áâ¨æ ¢ á®áâ®ï¨¨ f :

n̂f j: : : ; nf ; : : :i = nf j: : : ; nf ; : : :i : (17)

8.4 �®«ìè ï áâ â¨áâ¨ç¥áª ï áã¬¬  ª¢ â®¢®© á¨áâ¥¬ë

� ©¤¥¬ â¥¯¥àì ¡®«ìèãî áâ â¨áâ¨ç¥áªãî áã¬¬ã á¨áâ¥¬ë N ¥¢§ ¨-
¬®¤¥©áâ¢ãîé¨å ç áâ¨æ. �¤®ç áâ¨ç®¥ á®áâ®ï¨¥ f § ¤ ¥âáï ª¢ â®¢ë¬¨
ç¨á« ¬¨ ¨¬¯ã«ìá  ~p ¨ ¯à®¥ªæ¨¨ á¯¨    ®áì z sz � �=2: "f � "p�: �á«¨
¢ëà®¦¤¥¨¥ ¯® á¯¨ã ¥ áïâ®, â® ¢á¥ gs = 2s + 1 á®áâ®ï¨© á ¯à®¥ªæ¨ï¬¨
á¯¨  sz = �s;�s + 1; : : : ; 0; : : : ; s � 1; s ¨ ®¤¨ ª®¢ë¬ ¨¬¯ã«ìá®¬ p ¨¬¥îâ
®¤ã ¨ âã ¦¥ í¥à£¨î "p� = "p. � ®¨ç¥áª ï áâ â¨áâ¨ç¥áª ï áã¬¬  á¨-
áâ¥¬ë ¨¬¥¥â ¢¨¤

ZN = Tr exp
���Ĥ�

=
X
fnfg

exp

0
@��X

f

"fnf

1
A �N;

P
f

nf : (18)

�«¥¤ ¢ (18) ¢ëç¨á«ï¥âáï â ª: ¤«ï ª ¦¤®£® § ç¥¨ï f � (~p; �) ¢ë¯®«ï¥âáï
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�¥¯¥àì ¡®«ìè ï áâ âáã¬¬  ¯®«ãç¥  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï, ª ¦¤ë© á®¬®-
¦¨â¥«ì ª®â®à®£® ®â®á¨âáï ã¦¥ ¥ ª ®â¤¥«ì®© ç áâ¨æ¥, ª ª íâ® ¡ë«® ¢
¡®«ìæ¬ ®¢áª®¬ ¯à¨¡«¨¦¥¨¨, ® ª ®¤®ç áâ¨ç®¬ã á®áâ®ï¨î f :
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  ¤«ï ä¥à¬¨{á¨áâ¥¬ë nf = 0; 1 ¨
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�á«¨ ¢¢¥áâ¨ ¯ à ¬¥âà �, ¯à¨¨¬ îé¨© § ç¥¨¥ +1 ¤«ï á¨áâ¥¬ë ¡®-
§®®¢ ¨ �1 ¤«ï ä¥à¬¨®®© á¨áâ¥¬ë, â® ¡®«ìèãî áâ â¨áâ¨ç¥áªãî áã¬¬ã

¬®¦®  ¯¨á âì ¢ ¢¨¤¥ ®¡é¥© ä®à¬ã«ë:
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8.5 � á¯à¥¤¥«¥¨ï �®§¥ { �©èâ¥©  ¨ �¥à¬¨ { �¨à ª 

�®«ìè®¥ ª ®¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥ ª¢ â®¢®© á¨áâ¥¬ë â ª¦¥ ¯à¥¤-
áâ ¢«ï¥âáï ¢ ä ªâ®à¨§®¢ ®¬ ¢¨¤¥:
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¢¥à®ïâ®áâì â®£®, çâ® ãà®¢¥ì f § á¥«¥ nf ç áâ¨æ ¬¨.
� ©¤¥¬ áà¥¤îî § á¥«¥®áâì á®áâ®ï¨ï f :
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�®¤áâ ¢«ïï ¢ (28) ¢ëà ¦¥¨ï (22) ¨ (23),  ©¤¥¬ à á¯à¥¤¥«¥¨¥ �®§¥ {
�©èâ¥© 
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¨ à á¯à¥¤¥«¥¨¥ �¥à¬¨ { �¨à ª 

hnfi��� =
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exp [�("f � �)] + 1
: (30)

� §«¨ç¨¥ ¯à¨à®¤ë ç áâ¨æ, á®áâ ¢«ïîé¨å á¨áâ¥¬ã, à¥§ã«ìâ¨à®¢ «®áì
¢ ¥¤¨¨æ¥, áâ®ïé¥© ¢ § ¬¥ â¥«¥ ª¢ â®¢ëå à á¯à¥¤¥«¥¨© á à §ë¬¨ § -
ª ¬¨: +1 { ¤«ï á¨áâ¥¬ë ç áâ¨æ æ¥«®£® á¯¨  (¡®§®®¢) ¨ �1 { ¯®«ãæ¥«®£®
á¯¨  (ä¥à¬¨®®¢). �à¨ â¥å ãá«®¢¨ïå, ª®£¤  íâ®© ¥¤¨¨æ¥© ¬®¦® ¯à¥¥-
¡à¥çì,   ¨¬¥®, ¥á«¨ exp(���) � 1, ¯®«ãç¨¬ ¯à¥¤¥«ì®¥, ¥ § ¢¨áïé¥¥ ®â
¯à¨à®¤ë ç áâ¨æ, à á¯à¥¤¥«¥¨¥ { à á¯à¥¤¥«¥¨¥ � ªá¢¥««  { �®«ìæ¬  :

hnfi������ �! hnf i ' exp [��("f � �)] : (31)
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