
11 �¥®à¨ï â¥¯«®¥¬ª®áâ¨ â¢¥à¤®£® â¥« 

�«ï â¥¯«®¥¬ª®áâ¨ â¢¥à¤®£® â¥«  ¡ë« ¨§¢¥áâ¥ § ª® �î«®£  ¨ �â¨

(1819) ª®â®àë© ¯®«ãç¨« ®¡êïá¥¨¥ ¢ à ¬ª å ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥-
áª®© ä¨§¨ª¨: ¯® â¥®à¥¬¥ à ¢®à á¯à¥¤¥«¥¨ï ª ¦¤ ï ª®«¥¡ â¥«ì ï áâ¥-
¯¥ì ¤ ¥â ¢ª« ¤ ¢® ¢ãâà¥îî í¥à£¨î, à ¢ë© kT , ¨ ¤«ï ¯à®áâ®£® ªà¨-
áâ ««  á 3N áâ¥¯¥ï¬¨ á¢®¡®¤ë U = 3NkT , â.¥. �V = 3Nk. �¤ ª®

§ ª® �î«®£  ¨ �â¨ ¨¬¥« ¯à¨¡«¨¦¥ë© å à ªâ¥à: �V � 3R â®«ìª® ¢

áà ¢¨â¥«ì® ã§ª®¬ ¨â¥à¢ «¥ "ª®¬ âëå" â¥¬¯¥à âãà; ®á®¡¥® á¨«ì-
 ï § ¢¨á¨¬®áâì ®â � ¡ë«  ®¡ àã¦¥  ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å. �ãâ¨
¯à¥®¤®«¥¨ï íâ¨å âàã¤®áâ¥© ¡ë«¨ ¯®ª § ë �©èâ¥©®¬ (1907), ª®â®àë©
à á¯à®áâà ¨« ¨¤¥¨ �« ª    ¯®¢¥¤¥¨¥  â®¬®¢ ¢ à¥è¥âª¥, ¨á¯®«ì§ãï ¢
ï¢®¬ ¢¨¤¥ ¯à¥¤¯®«®¦¥¨¥ ® ª¢ â®¢ ¨¨ í¥à£¨¨ ®áæ¨««ïâ®à . �®¤¥«ì

�©èâ¥© , ¢ ª®â®à®© â¢¥à¤®¥ â¥«® à áá¬ âà¨¢ «®áì ª ª á®¢®ªã¯®áâì 3N
®¤¨ ª®¢ëå (á ®¤®© å à ªâ¥à¨áâ¨ç¥áª®© ç áâ®â®©) ¥á¢ï§ ëå £ à¬®¨-
ç¥áª¨å ®áæ¨««ïâ®à®¢, ¯®§¢®«¨«  ª ç¥áâ¢¥® ®¡êïá¨âì ¯®¢¥¤¥¨¥ â¥¯«®-
¥¬ª®áâ¨. �®«¨ç¥áâ¢¥® «ãçè¥¥ á®£« á¨¥ á íªá¯¥à¨¬¥â «ì® ¨§¬¥à¥®©
â¥¯«®¥¬ª®áâìî ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å CV � T 3 ¡ë«® ¯®«ãç¥® ¢ ¬®-
¤¥«¨�. �¥¡ ï (1912). �ë ¨§«®¦¨¬ à¥§ã«ìâ âë â¥®à¨¨ �©èâ¥©  ¨ â¥®à¨¨
�¥¡ ï, ¨á¯®«ì§ãï ª®æ¥¯æ¨î ª¢ §¨ç áâ¨æ.

11.1 �ªãáâ¨ç¥áª¨¥ ¨ ®¯â¨ç¥áª¨¥ ¢¥â¢¨ ª®«¥¡ ¨© à¥è¥âª¨

�£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ ¤¨ ¬¨ª¨ ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨  

¯à¨¬¥à¥ ¯à®áâ¥©è¨å ¯¥à¨®¤¨ç¥áª¨å áâàãªâãà { «¨¥©®© æ¥¯®çª¨ á ®¤¨¬
¨ ¤¢ã¬ï  â®¬ ¬¨ ¢ í«¥¬¥â à®© "ïç¥©ª¥" (æ¥¯®çª¨ �®à  ¨ � à¬  ).

�ãªæ¨ï � ¬¨«ìâ®  æ¥¯®çª¨ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ®¤®£®

â¨¯  ¢ £ à¬®¨ç¥áª®¬ ¯à¨¡«¨¦¥¨¨ ¨¬¥¥â ¢¨¤

H =
NX
`=1

p2`
2m

+


2

NX
`=1

(�` � �`�1)
2; (1)

£¤¥  { ª®áâ â  ¢§ ¨¬®¤¥©áâ¢¨ï ¡«¨¦ ©è¨å  â®¬®¢; �` { á¬¥é¥¨¥ `{£®
 â®¬  ®â®á¨â¥«ì® ¯®«®¦¥¨ï à ¢®¢¥á¨ï. �®®à¤¨ âë �` ã¤®¢«¥â¢®àïîâ
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æ¨ª«¨ç¥áª¨¬ ãá«®¢¨ï¬ (�®à  { � à¬  ) �` = �`+N ; ª®â®àë¥ ¬®¤¥«¨àãîâ
¨¤¥ «ìãî ¯¥à¨®¤¨ç¥áªãî áâàãªâãàã.

�à ¢¥¨ï � ¬¨«ìâ®  _p` = �@H=@�`; _�` = p`=m ¤ îâ ãà ¢¥¨¥

¤¢¨¦¥¨ï `{£®  â®¬ 

��` =


m
[(�`+1 � �`) + (�`�1 � �`)] : (2)

�¢¥¤¥¬ ®¢ë¥ ª®®à¤¨ âë qk(t) ¯à¥®¡à §®¢ ¨¥¬

qk(t) =
1p
N

X
`

�` exp(�ik`a): (3)

�¡à â®¥ ª (3) ¯à¥®¡à §®¢ ¨¥ ¯®§¢®«ï¥â § ¯¨á âì á¬¥é¥¨ï �` ç¥à¥§ ®à-
¬ «ìë¥ ª®®à¤¨ âë qk(t) :

�`(t) =
1p
N

X
k

qk(t) exp(ik`a): (4)

�§ ãá«®¢¨© �®à  { � à¬    å®¤¨¬: exp(ikNa) = 1, â. ¥. k = (2�=Na)�,
£¤¥ � = 0;�1;�2; : : : ; N=2. �«ï æ¥¯®çª¨ ¨§ N  â®¬®¢ ¨¬¥¥âáï à®¢® N ¥-
íª¢¨¢ «¥âëå § ç¥¨© ¢®«®¢®£® ç¨á«  k   ¨â¥à¢ «¥ (��=a; �=a). (�
âà¥å¬¥à®¬ á«ãç ¥ íâ® á®®â¢¥âáâ¢ã¥â ¯¥à¢®© §®¥ �à¨««îí  ªã¡¨ç¥áª®©

à¥è¥âª¨: ¢®«®¢®© ¢¥ªâ®à ~k = (2�=Na2)�~a ®¯à¥¤¥«¥ á â®ç®áâìî ¤® ¯¥à¨-
®¤  ®¡à â®© à¥è¥âª¨ ~g = (2�=a2)~a, â. ¥. ~k ! ~k

0

= ~k+~g; ¢§ ¨¬®¤¥©áâ¢¨ï
á �~k = ~g  §ë¢ îâ ¯à®æ¥áá ¬¨ ¯¥à¥¡à®á .)

�®¤áâ ¢¨¢ (4) ¢ (2), ¯®«ãç¨¬:
P
k

h
�qk(t) + !2(k)qk(t)

i
= 0 ¨

�qk(t) + !2(k)qk(t) = 0; (5)

£¤¥

!(k) =

vuut2

m
[1 � cos(ka)] = 2

 


m

!1=2 �����sin ka2
����� � (6)

§ ª® ¤¨á¯¥àá¨¨ ¤«ï ª®«¥¡ ¨© æ¥¯®çª¨, â. ¥. § ¢¨á¨¬®áâì ç áâ®âë ª®«¥¡ -
¨© ! ®â ¢®«®¢®£® ç¨á«  k. �à ¢¥¨¥ (5) ¥áâì ãà ¢¥¨¥ ¤«ï ®â¤¥«ì®£®
£ à¬®¨ç¥áª®£® ®áæ¨««ïâ®à  á å à ªâ¥à¨áâ¨ç¥áª®© ç áâ®â®© !(k). � ª¨¬
®¡à §®¬, § ¤ çã ® á¢ï§ ®© æ¥¯®çª¥ á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï (3) ¬ë
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á¢¥«¨ ª § ¤ ç¥ «¨¥©ëå ¥á¢ï§ ëå £ à¬®¨ç¥áª¨å ®áæ¨««ïâ®à®¢ { ®à-
¬ «ìëå ¬®¤ «¨¥©®© æ¥¯®çª¨  â®¬®¢. � ¯à¥¤¥«¥ ¤«¨ëå ¢®«, ª®£¤ 
§ ç¥¨ï k { ¢¤ «¨ ®â £à ¨æë §®ë �à¨««îí  (ka � �), ¬ë ¬®¦¥¬

§ ¯¨á âì: j sin(ka=2)j � ka=2 ¨ !(k) � (=m)1=2ak: � íâ®¬ ¯à¨¡«¨¦¥-
¨¨ ®âáãâáâ¢ã¥â ¤¨á¯¥àá¨ï (ä §®¢ ï áª®à®áâì cä §: = !=k à ¢  £àã¯¯®¢®©
c£à = d!=dk) ¨ áª®à®áâì §¢ãª  ¥áâì c§¢ = (=m)1=2a:

�â®â ¦¥ à¥§ã«ìâ â ¬®¦® ¯®«ãç¨âì ¨ ¢ ¯à¨¡«¨¦¥¨¨ á¯«®è®© ã¯àã-
£®© áà¥¤ë ¤«ï ®¤®¬¥à®£® á«ãç ï: c§¢ =

q
E=�; £¤¥ E = fã¯à=(�l=l) {

¬®¤ã«ì �£ , � = m=a { ¯«®â®áâì áà¥¤ë,

�l

l
=

��

a
=

�i � �i�1
a

; fã¯à = ��

¨

c§¢ =

2
4 ��

(m=a)(��=a)

3
51=2 =

 


m

!1=2
a:

� á¨«ã ¤¨áªà¥â®áâ¨ æ¥¯®çª¨ áãé¥áâ¢ã¥â ¬¨¨¬ «ì ï ¤«¨  ¢®«ë

(  á«¥¤®¢ â¥«ì®, ¨ kmax) �min = 2�=kmax = 2a: �®£¤  � � a; § ª®
¤¨á¯¥àá¨¨ áãé¥áâ¢¥® ®â«¨ç ¥âáï ®â §¢ãª®¢®£®, ¨ £àã¯¯®¢ ï áª®à®áâì

c£à = a
q
=m cos(ka=2) < cä §. (c£à = 0 ¯à¨ k = kmax { ¡àí££®¢áª®¥

®âà ¦¥¨¥ ®â ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨.)
�¥¯¥àì ¯¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¤¢ãå â®¬®© æ¥¯®çª¨, äãªæ¨ï � -

¬¨«ìâ®  ª®â®à®© ¥áâì

H =
NX
`=1

(
p21`
2m1

+
p22`
2m2

) +


2

X
`=1

�
(�(1)` � �(2)` )2 + (�(1)` � �(2)`�1)

2 + (�(2)` � �(1)`+1)
2
�
:

�à ¢¥¨ï ¤¢¨¦¥¨ï ¢ íâ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤

m1
��(1)` = �

�
(�(1)` � �(2)` ) + (�(1)` � �(2)`�1)

�
;

m2
��(2)` = �

�
(�(2)` � �(1)` ) + (�(2)` � �(1)`+1)

�
:

�¢®¤ï ®à¬ «ìë¥ ª®®à¤¨ âë q(1)k (t) ¨ q(2)k (t) ¯à¥®¡à §®¢ ¨ï¬¨

q(1)k (t) =
1p
N

X
`

�(1)` exp(�ik`a); q(2)k (t) =
1p
N

X
`

�(2)` exp(�ik`a);
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¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©

P
k
eik`a

�
�q(1)k + 

m1

�
2q(1)k � q

(2)
k � q

(2)
k e�ika

��
= 0;

P
k
eik`a

�
�q(2)k + 

m2

�
2q(2)k � q(1)k eika � q(1)k

� �
= 0;

®âªã¤ 

�q(1)k + 
m1

�
2q(1)k � q(2)k � q(2)k e�ika

�
= 0;

�q(2)k + 
m2

�
2q(2)k � q(1)k eika � q(1)k

�
= 0:

(7)

�é¥¬ à¥è¥¨ï á¨áâ¥¬ë (7) ¢ ¢¨¤¥

q(1)k (t) = Ak exp(�i!t); q(2)k (t) = Bk exp(�i!t): (8)

�®¤áâ ¢«ïï (8) ¢ (7), ¯®«ãç¨¬ á¨áâ¥¬ã ®¤®à®¤ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-
¥¨© ¤«ï  ¬¯«¨âã¤ Ak ¨ Bk

(2 
m1

� !2)Ak � 
m1

(1 + e�ika)Bk = 0;

� 
m2

(1 + eika)Ak + (2 
m2
� !2)Bk = 0;

(9)

ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ ª®â®à®© ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì ¥¥ ¤¥â¥à¬¨-
 â : ������

2 
m1

� !2 � 
m1

(1 + e�ika)

� 
m2

(1 + eika) 2 
m2

� !2

������ = 0;

®âªã¤ 

!2
s (k) = 

�
1=� + (�1)s h1=�2 � 4=(m1m2) sin

2(ka=2)
i1=2�

; (10)

£¤¥ s = 1; 2, a � = (1=m1 + 1=m2)�1 { ¯à¨¢¥¤¥ ï ¬ áá  í«¥¬¥â à®©

ïç¥©ª¨.
�â ª, ¢ á«ãç ¥ æ¥¯®çª¨ ¤¢ãå â®¬ëå ïç¥¥ª ¯®«ãç¨¬ ¤¢  â¨¯  ª®-

«¥¡ ¨© ¨«¨ ¤¢¥ ¢¥â¢¨: 1)  ªãáâ¨ç¥áª ï ¢¥â¢ì (s = 1), ¤«ï ª®â®à®©

! ª(k = 0) = 0; 2) ®¯â¨ç¥áª ï (¡®à®¢áª ï) ¢¥â¢ì (s = 2), ¤«ï ª®â®à®©
!®¯â(k = 0) =

q
2=�: � ª ¨ à ìè¥, § ¢¨á¨¬®áâì ®â k ï¢«ï¥âáï ¯¥à¨®¤¨-

ç¥áª®©, ¨ ¤®áâ â®ç® à áá¬®âà¥âì ¥¥ ¢ ¯à¥¤¥« å ¯¥à¢®© §®ë �à¨««îí .
�ªãáâ¨ç¥áª ï ¢¥â¢ì ¨¬¥¥â â®â ¦¥ å à ªâ¥à, çâ® ¨ ¢ á«ãç ¥ ®¤® â®¬®©
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à¥è¥âª¨, ¨ ¯à¨ ¬ «ëå k á®®â¢¥âáâ¢ã¥â §¢ãª®¢ë¬ ¢®« ¬. (�¥à¥å®¤ ª ®¤-
® â®¬®© ïç¥©ª¥ m1 = m2; a=2! a ¤ ¥â ¯à¥¦¥¥ ¢ëà ¦¥¨¥ (6) ¤«ï !(k)
.)

�  £à ¨æ¥ §®ë �à¨««îí  ! ª =
q
2=m2), !®¯â =

q
2=m1) ¤«ï

m1 < m2. � §¢ ¨¥ "®¯â¨ç¥áª ï" ¤«ï ¢¥â¢¨ á s = 2 á¢ï§ ® á â¥¬, çâ® ª®-
«¥¡ ¨ï íâ®£® â¨¯  å à ªâ¥à¨§ãîâáï ç áâ®â ¬¨ ¨äà ªà á®£® ¤¨ ¯ §® 

1012 � 1013 á�1 ¨ ¢§ ¨¬®¤¥©áâ¢ãîâ á ¨äà ªà áë¬ ¨§«ãç¥¨¥¬.
�«ï ®â®è¥¨ï  ¬¯«¨âã¤ A(s)

k =B(s)
k ¯®«ãç¨¬ ¨§ (9):

A(s)
k

B(s)
k

=
(=m1)[1 + exp(�ika)]

2=m1 � !2
s (k)

:

�à¨ k ! 0 ¤«ï  ªãáâ¨ç¥áª®© ¢¥â¢¨ A(1)
k =B(1)

k ! 1;   ¤«ï ®¯â¨ç¥áª®©

A(2)
k =B(2)

k ! �m2=m1: � ª¨¬ ®¡à §®¬, ¢ ¯à¥¤¥«¥ ¤«¨ëå ¢®«  â®¬ë m1 ¨

m2 ¤¢¨¦ãâáï ¢ ä §¥ á ®¤¨ ª®¢ë¬¨  ¬¯«¨âã¤ ¬¨ ¢  ªãáâ¨ç¥áª¨å ª®«¥¡ -
¨ïå ¨ { ¢ ¯à®â¨¢®ä §¥ á ¥¯®¤¢¨¦ë¬ æ¥âà®¬ ¬ áá ïç¥©ª¨ ¢ ®¯â¨ç¥áª¨å
ª®«¥¡ ¨ïå. �àã£¨¬¨ á«®¢ ¬¨, ¢ ¤«¨®¢®«®¢®¬ ¯à¥¤¥«¥ (ª®â¨ã «ì®¬
¨«¨ ¯à¨¡«¨¦¥¨¨ á¯«®è®© áà¥¤ë)  ªãáâ¨ç¥áª ï ¢¥â¢ì ¯à¥¤áâ ¢«ï¥â ª®«¥-
¡ ¨ï ïç¥©ª¨ ª ª æ¥«®£®,   ®¯â¨ç¥áª ï { ª®«¥¡ ¨ï  â®¬®¢ ¢ãâà¨ ïç¥©ª¨.

� á«ãç ¥ âà¥å¬¥à®© à¥è¥âª¨, í«¥¬¥â à ï ïç¥©ª  ª®â®à®© á®¤¥à-
¦¨â l  â®¬®¢, ¨¬¥¥âáï âà¨  ªãáâ¨ç¥áª¨¥ ¢¥â¢¨ ¨ 3(l� 1) ®¯â¨ç¥áª¨¥ ¢¥â¢¨.
� ¦¤ ï ¢¥â¢ì å à ªâ¥à¨§ã¥âáï ¯®«ïà¨§ æ¨¥©; ¢ á«ãç ¥  ªãáâ¨ç¥áª¨å ª®-
«¥¡ ¨© ¬®¦® ¢¢¥áâ¨ ®¤ã ¯à®¤®«ìãî { ª®«¥¡ ¨ï ¯«®â®áâ¨ ¢¥é¥áâ¢ 
¢  ¯à ¢«¥¨¨ à á¯à®áâà ¥¨ï ¢®«ë { ¨ ¤¢¥ ¯®¯¥à¥çë¥ ¯®«ïà¨§ æ¨¨.
�  ¨§®âà®¯®¬ ªà¨áâ ««¥ ç áâ®â  § ¢¨á¨â ¥ â®«ìª® ®â ¬®¤ã«ï k, ® ¨
®â  ¯à ¢«¥¨ï ¢®«®¢®£® ¢¥ªâ®à : £®¢®àïâ ® § ª®¥ ¤¨á¯¥àá¨¨ !�(~k) ¤«ï
¤ ®£® ªà¨áâ ««®£à ä¨ç¥áª®£®  ¯à ¢«¥¨ï.

11.2 �¢ â®¢ ¨¥ ª®«¥¡ ¨© à¥è¥âª¨. �®®ë

�à®á«¥¤¨¬ ¯à®æ¥¤ãàã ª¢ â®¢ ¨ï   ¯à¨¬¥à¥ £ ¬¨«ìâ®¨   (1).
� ¯¨è¥¬ äãªæ¨î � ¬¨«ìâ®  ¢ ®à¬ «ìëå ª®®à¤¨ â å qk(t) ¨ á®®â-
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¢¥âáâ¢ãîé¨å ¨¬ ®¡®¡é¥ëå ¨¬¯ã«ìá å pk(t) :

H =
1

2m

X
k

[pkp�k +m2!2
kqkq�k]; pk =

1p
N

X
`

p` exp(ik`a) = m _q�k = m _q�k:

�¯¥à â®à � ¬¨«ìâ®  ¯®«ãç¨¬, § ¬¥ïï pk ¨ qk   ®¯¥à â®àë p̂k; q̂k ¨

¢¢®¤ï ®¯¥à â®àë à®¦¤¥¨ï ¨ ã¨çâ®¦¥¨ï a+�k; ak ¯à¥®¡à §®¢ ¨ï¬¨

q̂k =

vuut �h

2m!k
(ak + a+�k); p̂k =

vuutm�h!k
2

(a+k � a�k);

£¤¥ a+�k; ak ã¤®¢«¥â¢®àïîâ ¯¥à¥áâ ®¢®çë¬ á®®â®è¥¨ï¬ ¤«ï ¡®§¥{
®¯¥à â®à®¢ [ak; a

+
k0 ] = �kk0 ; [ak; ak0 ] = [a+k ; a

+
k0 ] = 0: �ª®ç â¥«ì® £ ¬¨«ìâ®-

¨  ¯à¨¬¥â ä®à¬ã

Ĥ =
1

2

X
k

�h!k(a
+
k ak +

1

2
) =

X
k

�h!k(n̂k +
1

2
);

£¤¥ n̂k = a+k ak { ®¯¥à â®à ç¨á¥« § ¯®«¥¨ï á®áâ®ï¨ï k. �«ï â®£®, çâ®¡ë
®âáç¨âë¢ âì í¥à£¨î ®â ®á®¢®£® á®áâ®ï¨ï, ¢¢¥¤¥¬

Ĥ
0

= Ĥ � E0 =
1

2

X
k

�h!ka
+
k ak =

X
k

�h!kn̂k;

£¤¥ E0 = (1=2)
P
k
�h!k { í¥à£¨ï ã«¥¢ëå ª®«¥¡ ¨© à¥è¥âª¨.

� ¯à¥¤áâ ¢«¥¨¨ ç¨á¥« § ¯®«¥¨ï

Ĥ
0 j: : : ; nk; : : :i =

X
k

�h!knk j: : : ; nk; : : :i ; (11)

¨ ¬ë, ª ª ¨ ¢ á«ãç ¥ í«¥ªâà®¬ £¨â®£® ¯®«ï, ¬®¦¥¬ ¢¢¥áâ¨ ¯®ïâ¨¥

ª¢ â  í¥à£¨¨ �h!k. � ¤ ®¬ á«ãç ¥ { íâ® ª¢ âë à á¯à®áâà ïîé¨åáï

¯® à¥è¥âª¥ ¢®« ã¯àã£¨å ª®«¥¡ ¨©,  ªãáâ¨ç¥áª¨å ¨«¨ ®¯â¨ç¥áª¨å. � ª¨¥
ª¢ âë (ª¢ §¨ç áâ¨æë)  §ë¢ îâ ä®® ¬¨, ¨ ¢ ãà ¢¥¨¨ (11) "k = �h!k
{ í¥à£¨ï ä®®  ¢ á®áâ®ï¨¨ k,   nk { ç¨á«® â ª¨å ä®®®¢.

�®®ë ¯®å®¦¨   ª¢ âë í«¥ªâà®¬ £¨â®£® ¯®«ï, ® ¨¬¥îâáï ¨ áã-
é¥áâ¢¥ë¥ ®â«¨ç¨ï. �®{¯¥à¢ëå, ç¨á«® ¯®«ïà¨§ æ¨© ä®®  à ¢® 3, ¨,
¢®{¢â®àëå, ¨¬¯ã«ìá ä®®  ¥ ®¯à¥¤¥«¥. �¤ ª® á ä®®®¬ ®à¬ «ì®©
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¬®¤ë k ¬®¦® á¢ï§ âì ª¢ §¨¨¬¯ã«ìá �hk, ª®â®àë© á®åà ï¥âáï (§  ¨áª«îç¥-
¨¥¬ ¯à®æ¥áá®¢ ¯¥à¥¡à®á ) ¯à¨ í«¥ªâà®{ä®®ëå, ä®â®{ä®®ëå ¨

ä®®{ä®®ëå ¢§ ¨¬®¤¥©áâ¢¨ïå .
� ª®«¥¡ ¨ï¬¨ à¥è¥âª¨ á¢ï§ ® ¬®¦¥áâ¢® à §®®¡à §ëå ï¢«¥¨©,

â ª¨å ª ª ¥ã¯àã£®¥ à áá¥ï¨¥ á¢¥â    ®¯â¨ç¥áª¨å ä®® å { íää¥ªâ

� ¬  , íää¥ªâ¨¢®¥ ¯à¨âï¦¥¨¥ í«¥ªâà®®¢, ®¡ãá«®¢«¥®¥ í«¥ªâà®{
ä®®ë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬ (£ ¬¨«ìâ®¨  �à¥«¨å ) ¨ ¯à¨¢®¤ïé¥¥ ¢ ª®-
¥ç®¬ áç¥â¥ ª á¢¥àå¯à®¢®¤¨¬®áâ¨, ¯à®æ¥ááë ¯¥à¥¡à®á  (¯¥à¥¤ ç  ¨¬¯ã«ìá 
ªà¨áâ ««ã ª ª æ¥«®¬ã) { ¬¥å ¨§¬ â¥¯«®¯à®¢®¤®áâ¨, à¥§® á®¥ ¯®£«®-
é¥¨¥ {ª¢ â®¢ ï¤à®¬ ¢ ªà¨áâ ««¥ ¢ íää¥ªâ¥ �¥áá¡ ãíà  ¨ ¬®£®¥ ¤àã£®¥.
� §ë¥ ¢¥â¢¨ ª®«¥¡ ¨© à¥è¥âª¨ ¢«¨ïîâ   à §«¨çë¥ ¯à®æ¥ááë: ¯®£«®-
é¥¨¥ ¨ ¨á¯ãáª ¨¥ ¨äà ªà á®£® ¨§«ãç¥¨ï, ª®¬¡¨ æ¨®®¥ à áá¥ï¨¥
{ ¡®à®¢áª¨¥ ¢¥â¢¨, à áá¥ï¨¥ ¥©âà®®¢ { ¯à®¤®«ìë¥  ªãáâ¨ç¥áª¨¥ ¨ â.¤.

�ª« ¤ ª®«¥¡ ¨© ¢ â¥à¬®¤¨ ¬¨ªã ªà¨áâ ««  ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥¨¨

¬ë ¬®¦¥¬ ¨áá«¥¤®¢ âì, ¨§ãç ï á¢®©áâ¢  £ §  ¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ª¢ -
§¨ç áâ¨æ { ¨¤¥ «ì®£® £ §  ä®®®¢. �®¤ç¥àª¥¬ ¥é¥ à §, çâ® ®âáãâáâ¢¨¥
¢§ ¨¬®¤¥©áâ¢¨ï ä®®®¢ ¤àã£ á ¤àã£®¬ ®¡ãá«®¢«¥® £ à¬®¨ç¥áª¨¬ ¯à¨¡«¨-
¦¥¨¥¬ ¤«ï ¯®â¥æ¨ «  ¢§ ¨¬®¤¥©áâ¢¨ï á®á¥¤¨å  â®¬®¢ ªà¨áâ ««¨ç¥áª®©

à¥è¥âª¨. �¨¬¨ç¥áª¨© ¯®â¥æ¨ « â ª®£® £ §  à ¢¥ ã«î (ª ª ¢ á«ãç ¥

à ¢®¢¥á®£® ¨§«ãç¥¨ï),   áà¥¤¨¥ ç¨á«  ä®®®¢ ¬®¤ë (k; �) ¯®¤ç¨ï-
îâáï à á¯à¥¤¥«¥¨î �®§¥ { �©èâ¥© 

hnk�i = 1

exp(��h!k)� 1
:

�ãâà¥ïï í¥à£¨ï â ª®£® £ §  ¥áâì

U � hEi = X
k;�

�h!khnk�i =
X
k;�

�h!k
exp(��h!k)� 1

: (12)

11.3 �®¤¥«ì �©èâ¥© 

�à¥¤¯®«®¦¨¬, çâ® ¢á¥ ª®«¥¡ â¥«ìë¥ ¬®¤ë ªà¨áâ ««  ¨¬¥îâ ®¤ã ¨

âã ¦¥ å à ªâ¥à¨áâ¨ç¥áªãî ç áâ®âã !E , â. ¥. í¥à£¨ï ä®®  ¥ § ¢¨á¨â

®â ¨¤¥ªá  k: "k = �h!E . �®£¤  ¤«ï ¯à®áâ®£® (á ®¤¨¬  â®¬®¬ ¢ ïç¥©ª¥)
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ªà¨áâ «« 
P
k
1 = 3N ¨

U =
3N�h!E

exp(�h!E=kT ) � 1
; (13)

CV = 3Nk
 
�E
T

!2 exp(�E=T )

[exp(�E=T ) � 1]2
= 3NkE

 
�E
2T

!
; (14)

£¤¥ �E � �h!E=k { í©èâ¥©®¢áª ï å à ªâ¥à¨áâ¨ç¥áª ï "â¥¬¯¥à âãà ", E(x)
{ äãªæ¨ï �©èâ¥©  (á¬. 7.5).

�à¨ ¨§ª¨å â¥¬¯¥à âãà å (T � �E)

CV ' 3Nk
 
�E
T

!2
exp(��E

T
): (15)

� ¯à¥¤¥«¥ ¢ëá®ª¨å â¥¬¯¥à âãà T � �E ¯®«ãç¨¬ § ª® �î«®£  { �â¨

CV ' 3Nk(1 �O(�E=T )) �!
T!1

3Nk:

[�®ª ¦¨â¥, çâ® ¢ ¤«¨®¢®«®¢®¬ ¯à¥¤¥«¥ ¬®¤¥«ì �©èâ¥©  ãç¨âë¢ ¥â ¢ª« ¤ ®¯â¨ç¥-
áª¨å ä®®®¢, ¯®íâ®¬ã ¥¥ à¥§ã«ìâ â  ¤® áà ¢¨¢ âì á ¤ ë¬¨ ¨§¬¥à¥¨ï CV ¤«ï ªà¨-
áâ ««®¢ á ¤¢ã¬ï ¨ ¡®«¥¥  â®¬ ¬¨ ¢ í«¥¬¥â à®© ïç¥©ª¥. � ª ¢ íâ®¬ á«ãç ¥ ¢ë£«ï¤¨â

á¯¥ªâà «ì ï ¯«®â®áâì ç¨á«  ä®®ëå ¬®¤ D(!) ?]

11.4 �®¤¥«ì �¥¡ ï

�à¨ ¡®«ìè®¬ ç¨á«¥ ïç¥¥ª N ¢ ªà¨áâ ««¥ áã¬¬ã ¯® ¢®«®¢ë¬ ç¨-
á« ¬ k ¬®¦® § ¬¥¨âì ¨â¥£à¨à®¢ ¨¥¬ ¯® ã¦¥ ¨§¢¥áâ®¬ã à¥æ¥¯âã

P
k
!

V=(2�)3
R
d3k: �à¥¤¯®«®¦¨¬, çâ®:

� ®¯â¨ç¥áª¨¥ ¢¥â¢¨ ®âáãâáâ¢ãîâ { ¯à®áâ®© ªà¨áâ «« ¨«¨ ¨§ª¨¥ â¥¬¯¥-
à âãàë T � 10 K�, ¯à¨ ª®â®àëå ®¯â¨ç¥áª¨¥ ¢¥â¢¨ ¥ ¢®§¡ã¦¤ îâáï;

� ¤«ï âà¥å  ªãáâ¨ç¥áª¨å ¢¥â¢¥© á¯à ¢¥¤«¨¢® ¤«¨®¢®«®¢®¥ ¯à¨¡«¨¦¥-
¨¥ á «¨¥©®© § ¢¨á¨¬®áâìî ç áâ®âë ®â ¢®«®¢®£® ç¨á« , ®¤¨ ª®¢®©
¤«ï ¯à®¤®«ì®© ¨ ¤¢ãå ¯®¯¥à¥çëå ¯®«ïà¨§ æ¨©: ! = clkl; ! = c?k?:
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�®£¤  ç¨á«® ä®®ëå á®áâ®ï¨© á ç áâ®â ¬¨ ¢ ¨â¥à¢ «¥ !�!+d! ¬®¦®

§ ¯¨á âì ¢ ¢¨¤¥

d�(!) =
V

(2�)3
4�(k2l dkl + 2k2?dk?) =

V

2�2
!2(

1

c3l
+

2

c3?
)d!:

�¢®¤ï áª®à®áâì �c, ãáà¥¤¥ãî ¯®  ¯à ¢«¥¨ï¬ á ¯®¬®éìî á®®â®è¥¨ï

3

�c3
=

1

c3l
+

2

c3?
;

¯®«ãç¨¬ ¯«®â®áâì ç¨á«  ä®®ëå á®áâ®ï¨© á ç áâ®â ¬¨ ¢¡«¨§¨ !

D(!) =
d�(!)

d!
=

3

2

V !2

�2�c3
: (16)

�â® ¢ëà ¦¥¨¥ ®â«¨ç ¥âáï ®â á®®â¢¥âáâ¢ãîé¥© ä®à¬ã«ë ¤«ï ä®â®®¢

«¨èì ¬®¦¨â¥«¥¬ 3=2 (ç¨á«® ¯®«ïà¨§ æ¨© ã ä®®®¢ ¢ 1,5 à §  ¡®«ìè¥

¯® áà ¢¥¨î á ä®â® ¬¨). �® ¤«ï ä®®®¢ áãé¥áâ¢ã¥â ª®¥ç ï ¬ ªá¨-
¬ «ì ï ç áâ®â  !max (¯®áª®«ìªã �min = 2a), ª®â®àãî ¬®¦® ®¯à¥¤¥«¨âì

¨§ ãà ¢¥¨ï
!maxZ
0

D(!)d! = 3N:

�â¥£à¨àãï,  ©¤¥¬: !max = �c(6�2N=V )1=3; ¨ (16) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
D(!) = 9N!2=!3

max:
� ¯¨è¥¬ â¥¯¥àì ¢ãâà¥îî í¥à£¨î (12) ä®®®£® £ §  ¢ íâ®© ¬®-

¤¥«¨

U =
!maxZ
0

�h!D(!)

exp(�h!=kT ) � 1
d! =

3V

2�2�c3

!maxZ
0

!3d!

exp(�h!=kT ) � 1
: (17)

�á«¨ ¢¢¥áâ¨ ®¡®§ ç¥¨ï

fD(xm) =
3

x3m

xmZ
0

x3dx

ex � 1
; (18)

£¤¥ x = �h!=kT , xm = �h!max=kT = �D=T; �D � �h!max=k { ¤¥¡ ¥¢áª ï

å à ªâ¥à¨áâ¨ç¥áª ï â¥¬¯¥à âãà , â®

U = 3NkT � 3
 
T

�D

!3 �D=TZ
0

x3dx

ex � 1
= 3NkTfD

 
�D
T

!
(19)
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¨

CV =
dU

dT
= 3Nk

"
fD

 
�D
T

!
� �D

T
f 0D

 
�D
T

!#
: (20)

�ëç¨á«¨¬ fD(xm) ¢ ¤¢ãå ¯à¥¤¥«ìëå á«ãç ïå: ¯à¨ ¨§ª¨å â¥¬¯¥à -
âãà å (T=�D � 1) ¨ ¢ëá®ª¨å (T=�D � 1). � ¯¥à¢®¬ á«ãç ¥ ¢¥àå¨© ¯à¥¤¥«

¨â¥£à «  ¢ (19) ¬®¦® ãáâà¥¬¨âì ª ¡¥áª®¥ç®áâ¨, ãç¨âë¢ ï íªá¯®¥æ¨-
 «ì®¥ ã¡ë¢ ¨¥ ¯®¤ëâ¥£à «ì®© äãªæ¨¨, ¨

fD(xm) � 3

x3m

1Z
0

x3dx

ex � 1
=

3

x3m
�(4)�(4) =

�4

5

 
T

�D

!3
;

CV � 12�4

5
Nk

 
T

�D

!3
: (21)

�â®â à¥§ã«ìâ â, ¨§¢¥áâë© ª ª § ª® �¥¡ ï, å®à®è® á®£« áã¥âáï á íªá¯¥à¨-
¬¥â «ì® ®¡ àã¦¥®© § ¢¨á¨¬®áâìî CV ®â T ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å.

� ¯à¥¤¥«¥ ¢ëá®ª¨å â¥¬¯¥à âãà

fD(xm) � 3

x3m

xmZ
0

x3dx

[1 + x+ x2=2 + : : : � 1]
�

� 3

x3m

xmZ
0

x2(1 � x=2)dx = 1 � 3

8
xm: (22)

� ¯à¨ T !1 ¯®«ãç¨¬ ª« áá¨ç¥áª¨© § ª® �î«®£  ¨ �â¨

CV � 3Nk(1 + o(1)):

� ª¨¬ ®¡à §®¬, ä®à¬ã«  �¥¡ ï (20) ¤ ¥â ¯à ¢¨«ìë¥ ®â¢¥âë ¢ ¤¢ãå

¯à¥¤¥«ìëå á«ãç ïå ¨ ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ¨â¥à¯®«ïæ¨® ï ¤«ï

¯à®¨§¢®«ìëå â¥¬¯¥à âãà.
�¥¡ ¥¢áªãî â¥¬¯¥à âãàã ¬®¦® ®¯à¥¤¥«¨âì ¨§ íªá¯¥à¨¬¥â  ¯® ¨§-

¬¥à¥¨î áª®à®áâ¨ §¢ãª  �c ¨ ¯® ¨§¬¥à¥¨ï¬ �V . �â¨ ¤ ë¥ ¯®ª §ë¢ îâ
á ¬®á®£« á®¢ ®áâì ¬®¤¥«¨ �¥¡ ï.

Al Mg Cu Zn Ag Au
�D; K
¨§ �c 399 385,6 344,4 328 226,4 161,1
�D; K
¨§ CV 394 404 345,2 305 226,0 164,7
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[�à¨ ¨§ª¨å â¥¬¯¥à âãà å à¥§ã«ìâ â â¥®à¨¨ �¥¡ ï ï¢«ï¥âáï ¥áâ¥áâ¢¥ë¬, â ª ª ª,
¨¬¥® ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å, ª®£¤  ¢®§¡ã¦¤ îâáï â®«ìª® ¨§ª®ç áâ®âë¥ £ à¬®¨ª¨
ª®«¥¡ ¨© à¥è¥âª¨, ¯à¥¤¯®«®¦¥¨ï �¥¡ ï, ª®â®àë¥ ¯à¨¢¥«¨ ª D(!) � !2 , ¥ ¢ë§ë¢ îâ
á®¬¥¨ï. �® ¯à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å ¤«¨®¢®«®¢®¥ ¯à¨¡«¨¦¥¨¥  ªãáâ¨ç¥áª¨å ª®-
«¥¡ ¨© § ¢¥¤®¬® ¥¯à¨£®¤®, â¥¬ ¥ ¬¥¥¥ ¨ §¤¥áì â¥®à¨ï �¥¡ ï ¤ ¥â ¯à ¢¨«ìë© ®â¢¥â.
�®ç¥¬ã?]

11.5 �®æ¥¯æ¨ï ª¢ §¨ç áâ¨æ

�à¥¤áâ ¢«¥¨¥ ® ä®® å ª ª ® ¥ª®â®àëå à á¯à®áâà ïîé¨åáï ¯®

à¥è¥âª¥ ª¢ §¨ç áâ¨æ å ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ®¡é¥£® ¯®ïâ¨ï, ¨£à -
îé¥£® ¢ ¦ãî à®«ì ¢ ª¢ â®¢®© â¥®à¨¨ ª®¤¥á¨à®¢ ëå á¨áâ¥¬. �áïª®¥
á« ¡® ¢®§¡ã¦¤¥®¥ á®áâ®ï¨¥ ¬ ªà®áª®¯¨ç¥áª®£® â¥«  ¬®¦® à áá¬ âà¨-
¢ âì ª ª á®¢®ªã¯®áâì ®â¤¥«ìëå í«¥¬¥â àëå ¢®§¡ã¦¤¥¨©, ª®â®àë¥ ¢¥-
¤ãâ á¥¡ï ª ª ¥ª®â®àë¥ ª¢ §¨ç áâ¨æë, ¤¢¨¦ãé¨¥áï ¢ § ¨¬ ¥¬®¬ â¥«®¬

®¡ê¥¬¥. �® â¥å ¯®à, ¯®ª  ¨å ç¨á«® ¬ «®, ®¨ ¥ ¢§ ¨¬®¤¥©áâ¢ãîâ ¤àã£ á
¤àã£®¬ ¨ ¨å á®¢®ªã¯®áâì ¬®¦® à áá¬ âà¨¢ âì ª ª ¨¤¥ «ìë© £ § ª¢ §¨-
ç áâ¨æ. �®ïâ¨¥ í«¥¬¥â à®£® ¢®§¡ã¦¤¥¨ï ¢¢®¤¨âáï ª ª á¯®á®¡ ®¯¨á ¨ï
ª®««¥ªâ¨¢®£® ¤¢¨¦¥¨ï  â®¬®¢ â¥« , ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¤àã£ á ¤àã£®¬,
¨ ®¨ (ª¢ §¨ç áâ¨æë) ¥ ®â®¦¤¥áâ¢«ïîâáï, ¢®®¡é¥ £®¢®àï, á ®â¤¥«ìë¬
 â®¬®¬ ¨«¨ ¬®«¥ªã«®©.

� §®¢¥¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ¥ª®â®àë¥ ª¢ §¨ç áâ¨æë, á¢ï§ ë¥ â ª
¨«¨ ¨ ç¥ á à §«¨çë¬¨ ¢¥â¢ï¬¨ ª®«¥¡ ¨© à¥è¥âª¨:

¯®«ïà¨â® { ª¢ â á¬¥á¨ ®¯â¨ç¥áª¨å ä®®®¢ ¨ ä®â®®¢ (ª¢ â ¯®¯¥à¥ç-
®£® í«¥ªâà®¬ £¨â®£® ¯®«ï, ¢®§¡ã¦¤ ¥¬®£® ¯à¨ ¯®¯¥à¥çëå ®¯â¨ç¥-
áª¨å ª®«¥¡ ¨ïå ¨®®¢ à¥è¥âª¨);

¯« §¬® { ª¢ â ¯à®¤®«ì®© í«¥ªâà®¬ £¨â®© ¢®«ë, ¢®§¨ª îé¥© ¯à¨
ªã«®®¢áª®¬ ¢§ ¨¬®¤¥©áâ¢¨¨ í«¥ªâà®®¢ á ¨® ¬¨ à¥è¥âª¨ (¢ ¬¥â «-
« å ¨ ¯®«ã¯à®¢®¤¨ª å);

¬ £® { ª¢ â á¯¨®¢ëå ¢®«, â. ¥. à á¯à®áâà ïîé¨åáï ¢ ªà¨áâ ««¥

 àãè¥¨© ã¯®àï¤®ç¥®áâ¨ á¯¨®¢;

¯®«ïà® {  ¢â®«®ª «¨§®¢ ®¥ á®áâ®ï¨¥ í«¥ªâà® , ®â¢¥ç îé¥¥ ¢§ ¨¬®-
¤¥©áâ¢¨î í«¥ªâà®  á ®¯â¨ç¥áª¨¬ ä®®®¬, â. ¥. í«¥ªâà®, ¤¢¨-
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¦ãé¨©áï ¢ ªà¨áâ ««¥ ¢¬¥áâ¥ á «®ª «ì®© ¯®«ïà¨§ æ¨¥© (í«¥ªâà® +
®¡« ª® ¢¨àâã «ìëå ®¯â¨ç¥áª¨å ä®®®¢).
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