
15 �¥â®¤ ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï

� àï¤ã á ¬¥â®¤®¬  á ¬¡«¥© �¨¡¡á  áãé¥áâ¢ã¥â ¨ ¤àã£®© { ®á®¢ -
ë©   ª®æ¥¯æ¨¨ ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï. �â®â ¬¥â®¤ ¨¬¥¥â

®¯à¥¤¥«¥ë¥ ¯à¥¨¬ãé¥áâ¢  ¯à¨ ®¯¨á ¨¨ ¥¨¤¥ «ìëå à ¢®¢¥áëå á¨-
áâ¥¬,   â ª¦¥ ¯à¨   «¨§¥ í¢®«îæ¨¨ á¨áâ¥¬ë ®â ¥à ¢®¢¥á®£® ª à ¢®-
¢¥á®¬ã á®áâ®ï¨î.

15.1 � áâ¨çë¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï

�®§¢à â¨¬áï ª ®¯à¥¤¥«¥¨î ¬ ªà®áª®¯¨ç¥áª®© ¢¥«¨ç¨ë �(~r; t), á®®â-
¢¥âáâ¢ãîé¥© § ¤ ®© ¬¨ªà®áª®¯¨ç¥áª®© äãªæ¨¨ b(x1; : : : ; xN ;~r) :

B(~r; t) = hbi �
Z
dx1���dxN b(x1; : : : ; xN )%(x1; : : : ; xN ; t); xi � (qi;pi): (1)

�à¥¤¯®« £ ¥¬, çâ® à¥ «ìë¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨ë ¯à¥¤áâ ¢«ïîâ â ª¨¥ b;
ª®â®àë¥ á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ¯¥à¥áâ ®¢®ª «î¡ëå ¤¢ãå ¯¥à¥¬¥ëå

b(: : : ; xi; : : : ; xj ; : : :) = b(: : : ; xj ; : : : ; xi; : : :): �î¡ãî äãªæ¨î â ª®£® â¨¯ 

¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ à §«®¦¥¨ï

b(x1; : : : ; xN ) = b0 +
NX
i=1

b1(xi) +
NX

i1=1

NX
i2=1

b2(xi1xi2) + : : : + bN (x1; : : : ; xN ); (2)

£¤¥ bk(xi1; : : : ; xik) § ¢¨á¨â â®«ìª® ®â ä §®¢ëå ¯¥à¥¬¥ëå ¨ ¥á¢®¤¨¬® ª

ª®¬¡¨ æ¨¨ äãªæ¨© bi c i < k; â. ¥. ï¢«ï¥âáï ¥¯à¨¢®¤¨¬®© äãªæ¨¥©.
�¯à¥¤¥«¥¨¥ (2) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

b(x1; : : : ; xN ) = b0 +
X
i
b1(xi) +

1

2

X
i1

X
i2 6=i1

b2(xi1xi2) + : : : + bN (x1; : : : ; xN ): (3)

�¥ «ìë© ä¨§¨ç¥áª¨© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ ¤¨ ¬¨ç¥áª¨¥ äãªæ¨¨,
§ ¢¨áïé¨¥ â®«ìª® ®â ª®¥ç®£® ç¨á«  ¥¯à¨¢®¤¨¬ëå äãªæ¨© bk�s 6= 0;
bk>s � 0: � ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à¨¢¥¤¥¬ ¤¢¥ â ª¨¥ ¤¨ ¬¨ç¥áª¨¥ äãªæ¨¨:

1) n1(~q1; : : : ; ~qN ;~r) =
NP
i=1

�(~qi � ~r) � ¯«®â®áâì ç¨á«  ç áâ¨æ; áà¥¤¥¥

§ ç¥¨¥ ¯«®â®áâ¨ (¬ ªà®áª®¯¨ç¥áª ï ¯«®â®áâì) {

hn1i � n1(~r; t) =
Z
dX

NX
i=1

�(~qi � ~r)%(X; t); X � (x1; : : : ; xN );
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2) n2(~q1; : : : ; ~qN ;~r1; ~r2) = (1=2)
P
i1

P
i2 6=i1

�(~qi1�~r1)�(~qi2�~r2) � ¤¢ãåâ®ç¥ç ï

¯«®â®áâì ç¨á«  ç áâ¨æ; á®®â¢¥âáâ¢ãîé ï ¬ ªà®áª®¯¨ç¥áª ï ¢¥«¨ç¨  {

hn2i � n2(~r1; ~r2; t) =
1

2

Z
dX

X
i1

X
i2 6=i1

�(~qi1 � ~r1)�(~qi2 � ~r2)%(X; t):

� ®¡é¥¬ á«ãç ¥ n2(~r1; ~r2; t) 6= n1(~r1; t)n1(~r2; t): �¥«¨ç¨ã

g2(~r1; ~r2; t) = n2(~r1; ~r2; t) � n1(~r1; t)n1(~r2; t)

 §ë¢ îâ ¤¢ãåç áâ¨ç®© ª®àà¥«ïæ¨®®© äãªæ¨¥©; g2(~r1; ~r2; t) 6= 0 ¤«ï

á¨áâ¥¬ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¬¥¦¤ã ç áâ¨æ ¬¨ ¨ g(~r1; ~r2; t) = 0 ¤«ï ¨¤¥ «ìëå
á¨áâ¥¬.

� ©¤¥¬ â¥¯¥àì ä §®¢ë¥ áà¥¤¨¥ ç«¥®¢ àï¤  (3):

hb0i = b0;

hb1i =
Z
dx1 � � �dxN

NX
i=1

b1(xi)%(X; t) = N
Z
dx1dx2 � � �dxN b1(x1)%(X; t) =

=
Z
dx1b1(x1)f1(x1; t); : : : ;

hbli =
1

l!

Z
dx1 � � �dxN

NX
i1=1

� � �
NX
il=1

bl(xi1; : : : ; xil)%(X; t) =

=
N !

(N � l)!l!

Z
dx1dx2 � � �dxN bl(xi1; : : : ; xil)%(X; t) =

=
1

l!

Z
dx1 � � �dxlbl(x1; : : : xl)fl(x1; : : : xl; t); (4)

£¤¥

f1(x1; t) � N
Z
dx2 � � �dxN%(X; t);

f2(x1; x2; t) � N(N � 1)
Z
dx3 � � �dxN%(X; t); : : : ;

fl(x1; : : : xl; t) �
N !

(N � l)!

Z
dxl+1 � � �dxN%(X; t) ; (5)

®¤®{, ¤¢ãå{, : : : ; l{ç áâ¨ç ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï, ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î ®à¬¨à®¢ª¨

Z
fl(x1; : : : ; xl; t)dx1 � � �dxl =

N !

(N � l)!
:
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� ª¨¬ ®¡à §®¬, áà¥¤¥¥ ®â ¤¨ ¬¨ç¥áª®© äãªæ¨¨ b ¬®¦® ®¯à¥¤¥-
«¨âì ç¥à¥§  ¡®à ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï fl :

hbi =
NX
l=0

1

l!

Z
dx1 � � �dxlbl(x1; : : : xl)fl(x1; : : : ; xl; t): (6)

�á«¨ ¢¢¥áâ¨ N{¬¥àë¥ ¢¥ªâ®àë ~f � (f0; f1; : : : ; fN ); ~b � (b0; b1; : : : ; bN ); â®
®á®¢®© ¯®áâã« â áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨ ¬®¦® § ¯¨á âì ª®¬¯ ªâ®

B � hbi = (~b; ~f); (7)

£¤¥ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (~b; ~f ) ¯®¨¬ ¥âáï ¢ á¬ëá«¥ (6). �®¬¯®¥âë

¢¥ªâ®à  à á¯à¥¤¥«¥¨ï ¥ ï¢«ïîâáï ¥§ ¢¨á¨¬ë¬¨, ¯®áª®«ìªã á¢ï§ ë á®-
®â®è¥¨ï¬¨

fl(x1; : : : ; xl; t) =
N !

(N � l)!

Z
dxl+1 � � �dxN%(X; t) =

=
(N � k)!

(N � l)!

Z
dxl+1 � � �dxkfk(x1; : : : ; xk; t); (l � k � N);

â. ¥. ¬« ¤è¨¥ ç áâ¨çë¥ äãªæ¨¨ ¢ëà ¦ îâáï ç¥à¥§ áâ àè¨¥, ® ¥

 ®¡®à®â.
�¢¥¤¥®¥ ®¯¨á ¨¥ á ¯®¬®éìî ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï

íª¢¨¢ «¥â® ®¯¨á ¨î á ¯®¬®éìî áâ â¨áâ¨ç¥áª®© äãªæ¨¨ à á¯à¥¤¥«¥-
¨ï %(x1; : : : ; xN ; t); ® ¤«ï ®¯¨á ¨ï á¨áâ¥¬ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ íâ®â ¬¥â®¤

®¡« ¤ ¥â ®¯à¥¤¥«¥ë¬ ¯à¥¨¬ãé¥áâ¢®¬, ®á®¡¥® ¢ ¤¢ãå ªà ©¨å á«ãç ïå
{ ª®£¤  ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ç áâ¨æ ¬¨ ¬ «® ¨ ª®£¤  ¯«®â®áâì ¬ « ,
  ¢§ ¨¬®¤¥©áâ¢¨¥ ¯à®¨§¢®«ì®, ® ¥ ¯à¨¢®¤¨â ª ®¡à §®¢ ¨î á¢ï§ ëå

á®áâ®ï¨©. � ¬  íª¢¨¢ «¥â®áâì ã¯®¬ïãâëå ¯®¤å®¤®¢ ¨¬¥¥â ¬¥áâ®, ¯®-
áª®«ìªã íâ® ª á ¥âáï â®çëå à¥§ã«ìâ â®¢. � ¡®«ìè¨áâ¢¥ ¦¥ ¥âà¨¢¨ «ì-
ëå à¥ «ìëå § ¤ ç ¬®¦®  ©â¨ «¨èì ¯à¨¡«¨¦¥®¥ ¢ëà ¦¥¨¥ «¨¡®

¤«ï ZN ; «¨¡® ¤«ï fl; ¨ §¤¥áì à¥§ã«ìâ âë ¬®£ãâ áãé¥áâ¢¥® § ¢¨á¥âì ®â

¬¥â®¤ .
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15.2 �ëç¨á«¥¨¥ â¥à¬®¤¨ ¬¨ç¥áª¨å ¢¥«¨ç¨ á ¯®¬®éìî ç -

áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï

� áá¬®âà¨¬ ª« áá¨ç¥áªãî á¨áâ¥¬ã á £ ¬¨«ìâ®¨ ®¬

H =
NX
i=1

~p2i
2m

+ U ; U =
X
i<j

�(~ri; ~rj):

�§ ®¯à¥¤¥«¥¨ï (5) ¯®«ãç¨¬

f1(~r1; ~p1) = n(~r1)fM(~p1); (8)

£¤¥ fM (~p1) = 1=(2�mkT )3=2 exp(�~p21=2mkT ) { à á¯à¥¤¥«¥¨¥ � ªá¢¥«« ,  
n(~r1) { ¯«®â®áâì ç¨á«  ç áâ¨æ:

n(~r1) =
N

V N

1

QN

Z
d3r2 � � �d

3rN exp

2
4�� X

i<k

�(~ri; ~rk)

3
5 ; (9)

£¤¥ QN { ª®ä¨£ãà æ¨®ë© ¨â¥£à « (c¬.(14.2)).
� ¯à®áâà áâ¢¥® ®¤®à®¤®© á¨áâ¥¬¥ ®¤®ç áâ¨ç ï äãªæ¨ï à á-

¯à¥¤¥«¥¨ï ¥ § ¢¨á¨â ®â ~r; â ª ª ª ¨¬¥¥â ¬¥áâ® âà á«ïæ¨® ï ¨¢ à¨-
 â®áâì (¨¢ à¨ â®áâì ®â®á¨â¥«ì® á¤¢¨£    ¯à®¨§¢®«ìë© ¢¥ªâ®à

~a ): f1(~r1; ~p1) = f1(~r 01; ~p1); £¤¥ ~r 01 = ~r1 + ~a: �ë¡¨à ï ~a = �~r1; ¯®«ãç¨¬
n1(~r1) = n = const:

� ©¤¥¬ â¥¯¥àì ¤¢ãåç áâ¨çãî äãªæ¨î à á¯à¥¤¥«¥¨ï

f2(~r1; ~p1;~r2; ~p2) = ~n2(~r1; ~r2)fM(~p1)fM (~p2); (10)

£¤¥

~n2(~r1; ~r2) =
N(N � 1)

V NQN

Z
d3r3 � � �d

3rN exp

0
@�� X

i<k

�(~ri; ~rk)

1
A : (11)

�«ï ®¤®à®¤®© á¨áâ¥¬ë ã¤®¡® ¢¢¥áâ¨ äãªæ¨î ¯ à®£® à á¯à¥¤¥«¥¨ï

n2(j~r1 � ~r2j) = n2(r) á®®â®è¥¨¥¬

n2(r) =
~n2(r)

n2
; (12)
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  â ª¦¥ ¯ àãî ª®àà¥«ïæ¨®ãî äãªæ¨î g2(r) = n2(r) � 1: �®ç®
â ª ¦¥ ¢¢¥¤¥¬ k{ç áâ¨çãî ª®àà¥«ïæ¨®ãî äãªæ¨î nk(~r1; : : : ; ~rk) =
~nk(~r1; : : : ; ~rk)=nk :

fk(~r1; ~p1; : : : ; ~rk; ~pk) = ~nk(~r1; : : : ; ~rk)fM (~p1) � � � fM (~pk);

£¤¥

~nk(~r1; : : : ; ~rk) =
N !

(N � k)!V NQN

Z
d3rk+1 � � �d

3rN exp

0
@�� X

i<j
�(~ri; ~rj)

1
A =

= nknk(~r1; : : : ; ~rk): (13)

�ëç¨á«¨¬ ¢ãâà¥îî í¥à£¨î íâ®£® £ § . � á®®â¢¥âáâ¢¨¨ á ®¯à¥-
¤¥«¥¨¥¬ (2) ¨¬¥¥¬ b0 = 0; b1 = ~p21=2m; b2 = �(j~r1 � ~r2j); bk>2 � 0; ¯®íâ®¬ã,
¨á¯®«ì§ãï (6), (8) (10){(12),  ©¤¥¬

U =
Z
d3r1d

3p1

0
@ ~p21
2m

1
A f1(~r1; ~p1) + 1

2

Z
d3r1d

3r2d
3p1d

3p2�(r)f2(~r1; ~p1;~r2; ~p2) =

= nV
Z
d3p1

0
@ ~p21
2m

1
A fM (~p1) +

1

2

Z
d3p1d

3p2fM (~p1)fM(~p2)�

�
Z
d3r1d

3r2�(r)~n2(~r1; ~r2) =
3

2
NkT +

n2

2
V
Z
d3r�(r)n2(r):

�â®¡ë ¯®«ãç¨âì ¢ëà ¦¥¨¥ ¤«ï ¤ ¢«¥¨ï, ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ �®-
£®«î¡®¢ . �ãáâì

G(V ) =
Z
d3r1 � � �d

3rNg(~r1; : : : ; ~rN ):

�ë¯®«¨¬ ¬ áèâ ¡®¥ ¯à¥®¡à §®¢ ¨¥ ~ri ! �~ri; (i = 1; N) :

G(�3V ) =
Z
�3d3r1 � � ��

3d3rNg(�~r1; : : : ; �~rN ):

�¡®§ ç¨¢ y = �3V;  ©¤¥¬

@G(�3V )

@V
=

@G(y)

@y

@y

@V
= �3

@G(y)

@y
;

@G(�3V )

@�
=

@G(y)

@y

@y

@�
= 3�2V

@G(y)

@y
;

@G(�3V )

@V
=

�

3V

@G(�3V )

@�
;
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¨ ¯à¨ �! 1
@G(V )

@V
=

1

3V

@G(�3V )

@�

������
�=1

: (14)

�à¨¬¥¨¬ ¯®á«¥¤¥¥ ¤«ï ¢ëç¨á«¥¨ï ¤ ¢«¥¨ï, ¨á¯®«ì§ãï (11) ¨ (12):

P = kT (@=@V ) lnZN = (kT=ZN )@ZN=@V = nkT + (kT=QN )@QN=@V ;

QN (T; �
3V ) =

�3N

(�3V )N

Z
d3r1 � � �d

3rN exp

2
4� 1

kT

X
i<j

�(�j~ri � ~rjj)

3
5 ;

@QN

@�
= �

QNn2V

2kT

Z
d3r

d�(�r)

d(�r)
rn2(�r):

�®¤áâ ¢«ïï (14) (á¬. â ª¦¥ (14.8)),  ©¤¥¬:

P = nkT �
2�n2

3

1Z
0

dr
d�(r)

dr
r3n2(r):

�«ï á¨áâ¥¬ë ¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ �(r) � 0; n2(r) = 1; ¨ ¬ë
¯®«ãç¨¬ ãà ¢¥¨¥ á®áâ®ï¨ï ¨¤¥ «ì®£® £ § . � ®¨ç¥áª®¥ à á¯à¥¤¥«¥-
¨¥ ¢ íâ®¬ á«ãç ¥ ¥áâì ¯à®¨§¢¥¤¥¨¥ ®¤®ç áâ¨çëå äãªæ¨©

%N =
1

NN

NY
i=1

f1(~ri; ~pi);

¨ ¯à¨ N � 1; N ! ' NN ; ¨¬¥¥¬ ¯®íâ®¬ã:

f2(~r1; ~p1;~r2; ~p2) = n2fM (~p1)fM(~p2) = f1(~r1; ~p1)f1(~r2; ~p2);

fl(~r1; ~p1; : : : ; ~rl; ~pl) =
NY
i=1

f1(~ri; ~pi); (15)

çâ® ®§ ç ¥â ®âáãâáâ¢¨¥ ª®àà¥«ïæ¨© ç áâ¨æ ¢ ¨¤¥ «ìëå £ § å.
� ©¤¥¬ ¢ëà ¦¥¨¥ ¤«ï íâà®¯¨¨ ¨¤¥ «ì®© á¨áâ¥¬ë ¨áå®¤ï ¨§ ®¯à¥-

¤¥«¥¨ï

S = �k
Z
dX%N (X) ln%N (X) :

S = �k
Z
dX%N(X)

2
4 NX
i=1

ln f1(~ri; ~pi)�N lnN

3
5 =

= �k
Z
d3rd3pf1(~r; ~p) ln f1(~r; ~p) + kN lnN; (16)
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£¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ¯¥à¢ë¬ á®®â®è¥¨¥¬ ¨§ (4), ¯®«®¦¨¢ b1 = lnf1:
�ëà ¦¥¨¥ (16) á â®ç®áâìî ¤® ¯®áâ®ï®© S0 = kN lnN á®¢¯ ¤ ¥â á ä®à-
¬ã«®© ¤«ï íâà®¯¨¨, ¢¯¥à¢ë¥ ¯®«ãç¥®© �. �®«ìæ¬ ®¬ (1872):

S = �k
Z
d3rd3pf1(~r; ~p) lnf1(~r; ~p): (17)

15.3 �¥¯®çª  ãà ¢¥¨© �����

� áá¬®âà¨¬ ª« áá¨ç¥áªãî á¨áâ¥¬ã ¨§N â®ç¥çëå ç áâ¨æ á ¯®¯ àë¬

¢§ ¨¬®¤¥©áâ¢¨¥¬ �ik � �(~ri; ~rk);  å®¤ïéãîáï ¢ ®¡ê¥¬¥ V ¯®¤ ¤¥©áâ¢¨¥¬

¢¥è¥£® ¯®«ï U¢ =
P
i
u¢i : �ãªæ¨ï � ¬¨«ìâ®  â ª®© á¨áâ¥¬ë ¥áâì

H =
NX
i=1

~p2i
2m

+
X
k

X
i<k

�ik +
NX
i=1

u¢i : (18)

�¢®«îæ¨ï â ª®© á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬ �¨ã¢¨««ï

@%

@t
= L̂%; (19)

£¤¥ L̂ { ®¯¥à â®à �¨ã¢¨««ï:

L̂ =
X
i

�
(~riH)~@i � (~@iH)~ri

�
=
X
i
L̂0
i +

X
i

X
k>i

L̂ik +
X
i
L̂¢

i : (20)

� (20) ¢¢¥¤¥ë ®¡®§ ç¥¨ï:

~ri �
@

@~ri
; ~@i �

@

@~pi
; @t �

@

@t
;

¨

L̂0
i = �

~pi
m
~ri; L̂ik = ~ri�ik(~@i � ~@k) = ~ri�ik~@ik;

L̂¢

i = ~riu
¢

i
~@i � ~@iu

¢

i
~ri: (21)

(� (21) ãçâ¥  á¨¬¬¥âà¨ï �ik = �ki; ~ri�ik = �~rk�ik:) � íâ¨å ®¡®§ ç¥¨ïå

ãà ¢¥¨¥ �¨ã¢¨««ï ¨¬¥¥â ¢¨¤

@t% =
X
i

�
L̂0
i + L̂¢

i

�
% +

X
i

X
k>i

L̂ik%: (22)
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�à®¨â¥£à¨à®¢ ¢ (22) ¯® d3rl+1d3pl+1 � � �d3rNd3pN ; ¯®«ãç¨¬:

@tfl =
N !

(N � l)!

Z
d3rl+1d

3pl+1 � � �d
3rNd

3pN

2
4X

i

�
L̂0
i + L̂¢

i

�
%+

X
i

X
k>i

L̂ik%

3
5 :
(23)

�§
Z
dX%(X; t) = 1 á«¥¤ã¥â @t

Z
dX%(X; t) = 0; ¯®íâ®¬ã

Z
dx1 � � �dxN

2
4X

i

�
L̂0
i + L̂¢

i

�
+
X
i

X
k>i

L̂ik

3
5 % = 0;

â. ¥.
Z
d3rid

3piL̂
0
i% =

Z
d3rid

3piL̂
¢

i % =
Z
d3rid

3pid
3rkd

3pkL̂ik% = 0: (24)

(�®á«¥¤¥¥ ¬®¦® ¯à®¢¥à¨âì ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬:
Z
d3riri% = 0;

Z
d3pi~@i% = 0;

â ª ª ª   £à ¨æ å ®¡« áâ¨ ä §®¢®£® ¯à®áâà áâ¢  % ¢¬¥áâ¥ á ¯à®¨§¢®¤-
ë¬¨ ®¡à é ¥âáï ¢ ã«ì.)

� áá¬®âà¨¬ 1-© ç«¥ ¢ ª¢ ¤à âëå áª®¡ª å à ¢¥áâ¢  (23)

X
i

�
L̂0
i + L̂¢

i

�
% =

lX
i=1

�
L̂0
i + L̂¢

i

�
% +

NX
i=l

�
L̂0
i + L̂¢

i

�
% :

�¥à¢®¥ á« £ ¥¬®¥ §¤¥áì ¥ § âà £¨¢ ¥âáï ¨â¥£à¨à®¢ ¨¥¬, ¯®íâ®¬ã ¤¨ää¥-
à¥æ¨ «ìë© ®¯¥à â®à ¬®¦®  ¯¨á âì ¯¥à¥¤ ¨â¥£à «®¬; ¢â®à®¥ ¦¥ á« -
£ ¥¬®¥ ¢ á¨«ã (24) ¤ ¥â ã«ì. �®íâ®¬ã

N !

(N � l)!

Z
dxl+1 � � �dxN

NX
i=1

�
L̂0
i + L̂¢

i

�
% =

lX
i=1

�
L̂0
i + L̂¢

i

�
fl(x1; � � � ; xl; t): (25)

�«ï ¯®á«¥¤¥£® ç«¥  ¢ (23) ¨¬¥¥âáï âà¨ ¢®§¬®¦®áâ¨:
1) i 2 (1; : : : ; l); k 2 (1; : : : ; l); â®£¤  ®¯¥à â®à L̂ik ¢ë®á¨âáï ¨§{¯®¤

¨â¥£à « ;
2) i 2 (l + 1; : : : ; N); k 2 (l + 1; : : : ; N); ¨ ¨â¥£à « ¢ á¨«ã (24) ®¡à -

é ¥âáï ¢ ã«ì;
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3) i 2 (1; : : : ; l); k 2 (l + 1; : : : ; N); â®£¤ 

N !

(N � l)!

Z
dxl+1 � � �dxN

lX
i=1

NX
k=l+1

L̂ik% =
N !(N � l)

(N � l)!

lX
i=1

Z
dxl+1 � � �dxN L̂il+1% =

=
lX

i=1

Z
dxl+1L̂il+1

N !

(N � l � 1)!

Z
dxl+2 � � �dxN% =

=
lX

i=1

Z
dxl+1L̂il+1fl+1(x1; � � � ; xl+1; t): (26)

�®¤áâ ¢«ïï (25) ¨ (26) ¢ (23), ¯®«ãç¨¬ á¨áâ¥¬ã § æ¥¯«ïîé¨åáï ãà ¢¥¨©

¤«ï ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï (l = 1; N � 1)

@tfl�
lX

i=1

�
L̂0
i + L̂¢

i

�
fl�

X
i

X
k>i

L̂ikfl =
lX

i=1

Z
dxl+1L̂il+1fl+1(x1; � � � ; xl+1; t); (27)

�¨áâ¥¬  ãà ¢¥¨© (27) ®á¨â  §¢ ¨¥ æ¥¯®çª¨ �®£®«î¡®¢  { �®à 
{ �à¨  { �¨àª¢ã¤  { �¢®  (�����). �à¥¤¯®« £ ¥âáï, çâ® (27) ¨¬¥¥â
¬¥áâ® ¨ ¢ â¥à¬®¤¨ ¬¨ç¥áª®¬ ¯à¥¤¥«¥ (N ! 1; V ! 1; N=V = n <1),
ª®£¤  æ¥¯®çª  áâ ®¢¨âáï ¡¥áª®¥ç®©. �¥à¢®¥ ãà ¢¥¨¥ æ¥¯®çª¨ (k = 1)
¨¬¥¥â ¢¨¤

@f1
@t

+
~p1
m
~r1f1 � ~r1u

¢

1

@f1
@~p1

=
Z
d3r2d

3p2~r1�12(j~r2 � ~r1j)
@f2
@~p1

: (28)

�¥¯®çª  ����� á ¬  ¯® á¥¡¥ íª¢¨¢ «¥â  ãà ¢¥¨î�¨ã¢¨««ï, ® ¢
®â«¨ç¨¨ ®â ¯®á«¥¤¥£® ¢ (27) ¯à¨  «¨ç¨¨ â¥å ¨«¨ ¨ëå ¬ «ëå ¯ à ¬¥âà®¢
¨¬¥¥âáï ¢®§¬®¦®áâì ®¡®à¢ âì æ¥¯®çªã ¨ á¢¥áâ¨ § ¤ çã ª à¥è¥¨î § ¬ªã-
â®© á¨áâ¥¬ë ãà ¢¥¨© ¤«ï ¥áª®«ìª¨å ¯¥à¢ëå äãªæ¨© à á¯à¥¤¥«¥¨ï.
� ®á®¢ã ®¡àë¢  æ¥¯®çª¨ ����� ¬®¦® ¯®«®¦¨âì ¯à¨æ¨¯ ®á« ¡«¥¨ï

ª®àà¥«ïæ¨¨ �®£®«î¡®¢ , ®âà ¦ îé¨© â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ª®àà¥«ïæ¨¨
à §«¨çëå £àã¯¯ ç áâ¨æ ã¡ë¢ îâ á ã¢¥«¨ç¥¨¥¬ à ááâ®ï¨ï ¬¥¦¤ã íâ¨¬¨

£àã¯¯ ¬¨:

fl(x1; � � � ; xl; t) �!
R!1

fk(x1; � � � ; xk; t)fs(xk+1; � � � ; xl; t); k + s = l:

� ç áâ®áâ¨, ãá«®¢¨¥ ¤«ï ¤¢ãåç áâ¨ç®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï

f2(~r1; ~p1;~r2; ~p2; t) �!
j~r2�~r1j!1

f1(~r1; ~p1;; t)f1(~r2; ~p2; t)
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¯®§¢®«ï¥â ¯®«ãç¨âì § ¬ªãâ®¥ ãà ¢¥¨¥ (® ã¦¥ ¥«¨¥©®¥ !) ¤«ï f1 á
¨â¥£à «®¬ áâ®«ª®¢¥¨ï ¢ ¯à ¢®© ç áâ¨ { ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ �®«ìæ-
¬  .

�¯à®é¥¨¥ ®¯¨á ¨ï á¢ï§ ® á à §«¨çë¬ å à ªâ¥à®¬ § ¢¨á¨¬®áâ¨

®â ¢à¥¬¥¨ ¬®£®ç áâ¨çëå ¨ ®¤®ç áâ¨ç®© äãªæ¨© à á¯à¥¤¥«¥¨ï.
�¬¥®    ç «ì®¬ íâ ¯¥ í¢®«îæ¨¨ á¨áâ¥¬ë, ª®£¤  t ¬ «® ¯® áà ¢¥¨î
á ¥ª®â®àë¬ å à ªâ¥àë¬ ¢à¥¬¥¥¬ å ®â¨§ æ¨¨ �0; fl ¯à¥â¥à¯¥¢ ¥â ®ç¥ì
¡ëáâàë¥ ¨§¬¥¥¨ï, â®£¤  ª ª ®¤®ç áâ¨ç ï äãªæ¨ï ¯à¨ íâ®¬ ¯à ªâ¨ç¥-
áª¨ ¥ ¨§¬¥ï¥âáï: f1 áãé¥áâ¢¥® ¨§¬¥ï¥âáï â®«ìª® §  ¢à¥¬ï, áà ¢¨-
¬®¥ á® áà¥¤¨¬ ¢à¥¬¥¥¬ ¬¥¦¤ã áâ®«ª®¢¥¨ï¬¨ ç áâ¨æ �c (�0 � �c). � 
íâ®© áâ ¤¨¨, ª®â®àãî  §ë¢ îâ ª¨¥â¨ç¥áª®© (�0 � t � �c), ¡ëáâà® ¨§-
¬¥ïîé ïáï äãªæ¨ï fl ãá¯¥¢ ¥â "¯®¤áâà®¨âìáï" ª ª ¦¤®¬ã ¬£®¢¥®¬ã
§ ç¥¨î f1; â. ¥. fl áâ ®¢¨âáï äãªæ¨® «®¬ ®¤®ç áâ¨ç®© äãªæ¨¨:

fl(x1; � � � ; xl; t) �!
�0�t��c

fl(x1; � � � ; xl jf1(x1; t)) � �;

¨ § ¢¨á¨¬®áâì fl ®â ¢à¥¬¥¨ ®¯à¥¤¥«ï¥âáï â®«ìª® § ¢¨á¨¬®áâìî f1 ®â t:
�ãªæ¨® « � ï¢«ï¥âáï ã¨¢¥àá «ìë¬ ¨ ¥ § ¢¨á¨â ®â  ç «ìëå ãá«®¢¨©

¤«ï fl:
�à¨ ®à¬ «ìëå ãá«®¢¨ïå ¤«ï á¨áâ¥¬ á ¬ «®© ¯«®â®áâìî ¢à¥¬ï

áâ®«ª®¢¥¨ï �0 ' 10�12 c, ¬¥¦¤ã áâ®«ª®¢¥¨ï¬¨ { �c ' 10�9 � 10�10

c, ¨   ª¨¥â¨ç¥áª®© áâ ¤¨¨ ¬ë ¨¬¥¥¬ ¤¢  ¬ «ëå ¯ à ¬¥âà : �0=�t �
1 ¨ �t=�c � 1: �®®â¢¥âáâ¢ãîé¨¥ �0 ¨ �c ¯à®áâà áâ¢¥ë¥ ¬ áèâ ¡ë ¥áâì

à ¤¨ãá ª®àà¥«ïæ¨¨ r0 ¨ ¤«¨  á¢®¡®¤®£® ¯à®¡¥£  `c; ¨ ¯à¨ r0 � �r � `c
¨¬¥¥¬ ¥é¥ ¤¢  ¬ «ëå ¯ à ¬¥âà : r0=�r � 1 ¨ �r=`c � 1: � à  ¬ «ëå
¯ à ¬¥âà®¢ �0=�t; r0=�r ¤®¯ãáª ¥â ¢®§¬®¦®áâì á£« ¦¨¢ ¨ï ¡ëáâàëå ¨
¬¥«ª®¬ áèâ ¡ëå ¤¢¨¦¥¨©   ¨â¥à¢ « å �t ¨ �r: � ª¨¬ ®¡à §®¬,  
ª¨¥â¨ç¥áª®© áâ ¤¨¨ ¬ë ¨¬¥¥¬ ¤¥«® ¥ á "â®ç®©" f1;   á "®£àã¡«¥®©"
(á£« ¦¥®©) ®¤®ç áâ¨ç®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï.

�«ï à §à¥¦¥®£® £ §  ¢ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ ¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢

r0 ¨ �r � n�1=3 { áà¥¤¥¥ à ááâ®ï¨¥ ¬¥¦¤ã ç áâ¨æ ¬¨. �á«®¢¨¥ r0 � �r
¤ ¥â ¡¥§à §¬¥àë© ¬ «ë© ¯ à ¬¥âà � = nr30 � 1: � ¯à¨¬¥à, ¢®§¤ãå ¯à¨
®à¬ «ìëå ãá«®¢¨ïå ï¢«ï¥âáï à §à¥¦¥ë¬ £ §®¬: � � 10�4:

�á«¨ ¢ë¯®«ï¥âáï ¥é¥ ®¤® ãá«®¢¨¥: `c � L (L { à §¬¥à á¨áâ¥¬ë)
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¨ �c � tL (tL { ¢à¥¬ï ¯à®å®¦¤¥¨ï ç áâ¨æ¥© ¢á¥£® á®áã¤ ), â® ¢®§¬®¦®
¤ «ì¥©è¥¥ ã¯à®é¥¨¥ ®¯¨á ¨ï ¡« £®¤ àï  «¨ç¨î ¥é¥ ®¤®£® ¬ «®£®

¯ à ¬¥âà  � = `c=L � 1 { £ §®¤¨ ¬¨ç¥áª®£® ¨«¨ ¯ à ¬¥âà  �ã¤á¥ .
� ªãî áâ ¤¨î í¢®«îæ¨¨ á¨áâ¥¬ë  §ë¢ îâ £¨¤à®¤¨ ¬¨ç¥áª®© (£ §®¤¨-
 ¬¨ç¥áª®©): ¤«ï ®¯¨á ¨ï á®áâ®ï¨ï á¨áâ¥¬ë ¥ ã¦  ¤ ¦¥ á ¬  ®¤®-
ç áâ¨ç ï äãªæ¨ï,   ¤®áâ â®ç® § âì «®ª «ìë¥ ¯«®â®áâì ç¨á«  ç áâ¨æ
n(~r; t), áª®à®áâì £ §  v(~r; t) ¨ â¥¬¯¥à âãàã �(~r; t):

�â ª, ¬ë ¯®¤®è«¨ ª § ¤ ç ¬ ¥à ¢®¢¥á®© áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨

¨«¨ ª¨¥â¨ç¥áª®© â¥®à¨¨. � ¨¬ ®â®áïâ

�  å®¦¤¥¨¥ ãà ¢¥¨©, ®¯à¥¤¥«ïîé¨å ¨§¬¥¥¨¥ ç áâ¨çëå äãªæ¨©
à á¯à¥¤¥«¥¨ï ¢ ¯à®áâà áâ¢¥ ¨ ¢® ¢à¥¬¥¨;

� ãáâ ®¢«¥¨¥ á¢ï§¥© ¬¥¦¤ã äãªæ¨ï¬¨ à á¯à¥¤¥«¥¨ï ¨ ¬ ªà®áª®¯¨-
ç¥áª¨¬¨ ¢¥«¨ç¨ ¬¨ (¯®â®ª ¬¨);

� ®¯¨á ¨¥ ¯à®æ¥áá®¢ ¯¥à¥®á  ¢ ¬ ªà®áª®¯¨ç¥áª¨å á¨áâ¥¬ å;

� ¯®«ãç¥¨¥ à ¢®¢¥áëå à¥è¥¨©.
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