
16 �¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ �®«ìæ¬  

�ë §¤¥áì ¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì áå¥¬ã ¯®«ãç¥¨ï ª¨¥â¨ç¥áª®£®

ãà ¢¥¨ï �®«ìæ¬   ¨§ æ¥¯®çª¨ �����,   ¯à¨¢¥¤¥¬ ¢ë¢®¤, ®á®¢ ë©
  ¨âã¨â¨¢ëå á®®¡à ¦¥¨ïå, ¡«¨§ª¨å ª â¥¬, çâ® ¨á¯®«ì§®¢ « á ¬ �®«ìæ-
¬ .

16.1 �â¥£à « áâ®«ª®¢¥¨© �®«ìæ¬  

� áá¬®âà¨¬ ª« áá¨ç¥áª¨© à §à¥¦¥ë© £ § â®ç¥çëå ç áâ¨æ, í¢®-
«îæ¨î ª®â®à®£® ¡ã¤¥¬ ®¯¨áë¢ âì ®¤®ç áâ¨ç®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï

f(~r; ~p; t) � f1(~r;~p; t): �§¬¥¥¨¥ f ®¡ãá«®¢«¥® ¤¢ã¬ï ¯à¨ç¨ ¬¨ { á¢®¡®¤-
ë¬ ¤¢¨¦¥¨¥¬ ç áâ¨æ ("¤à¥©ä®¬") ¨ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¨å ¬¥¦¤ã á®¡®© {
áâ®«ª®¢¥¨ï¬¨:
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ã¬¥ìè¥¨¥ ç¨á«  ç áâ¨æ á ä §®¢ë¬¨ ª®®à¤¨ â ¬¨ ¢¡«¨§¨ (~r; ~p) §  áç¥â

¨§¬¥¥¨ï íâ¨å ¢¥«¨ç¨ ¢ á¨«ã ãà ¢¥¨© � ¬¨«ìâ®  _~r = @H=@~p;
:
~p= ~F ;

£¤¥ ~F = �~ru¢ { á¨« , ¤¥©áâ¢ãîé ï   ç áâ¨æã á® áâ®à®ë ¢¥è¥£® ¯®«ï

u¢. �®¤áâ ¢«ïï (@f=@t)
¤à
¢ (1), ¯®«ãç¨¬ ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ á ¯®ª 

¥é¥ ¥ ®¯à¥¤¥«¥ë¬ ¨â¥£à «®¬ áâ®«ª®¢¥¨© (@f=@t)
áâ
:
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: (2)

� ©¤¥¬ ï¢ë© ¢¨¤ (@f=@t)
áâ
¯à¨ á«¥¤ãîé¨å ¤®¯ãé¥¨ïå: 1) ¢¥è¥¥ ¯®«¥

u¢ ®ç¥ì á« ¡®¥ ¨ ¬ «® ¬¥ïîé¥¥áï ¢ ¯à®áâà áâ¢¥ 2) íää¥ªâ¨¢ ï ¤«¨ 
¥®¤®à®¤®áâ¨,   ª®â®à®© f ¯à¥â¥à¯¥¢ ¥â § ç¨â¥«ìë¥ ¨§¬¥¥¨ï, ¬®£®
¡®«ìè¥ à ¤¨ãá  ¤¥©áâ¢¨ï ¬®«¥ªã«ïàëå á¨« r0; 3) ¡®«ìèãî ç áâì ¢à¥-
¬¥¨ ç áâ¨æë ¤¢¨¦ãâáï ¯® âà ¥ªâ®à¨ï¬ (¯®çâ¨ á¢®¡®¤ë¬), ®¯à¥¤¥«ï¥¬ë¬
¢¥è¨¬ ¯®«¥¬, ®âª«®¥¨¥ ®â ª®â®àëå ¯à®¨áå®¤¨â «¨èì ¯à¨ á¡«¨¦¥¨ïå
  à ááâ®ï¨ï � r0 §  ¢à¥¬ï � �0: � ª¨¬ ®¡à §®¬, í¢®«îæ¨î á¨áâ¥¬ë ¯à¥¤-
áâ ¢«ï¥¬ ¨¤¥ «¨§¨à®¢ ë¬ ¯à®æ¥áá®¬ { ¯®á«¥¤®¢ â¥«ì®áâìî ¤¨áªà¥âëå
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á®¡ëâ¨© { áâ®«ª®¢¥¨©, ª ¦¤®¥ ¨§ ª®â®àëå «®ª «¨§®¢ ® ¢ ¯à®áâà áâ¢¥ ¨
¢à¥¬¥¨. �¥§ã«ìâ â®¬ áâ®«ª®¢¥¨© ï¢«ï¥âáï ¯®çâ¨ ¬£®¢¥®¥ ¨§¬¥¥¨¥
¨¬¯ã«ìá®¢ ¯ àë ç áâ¨æ (  ¢à¥¬¥ëå ¬ áèâ ¡ å �t� �0), çâ® ¯à¨¢®¤¨â
«¨¡® ª ã¬¥ìè¥¨î ä §®¢®© ¯«®â®áâ¨ ç¨á«  ç áâ¨æ ¢ ®ªà¥áâ®áâ¨ (~r; ~p),
«¨¡® ª ¥¥ ã¢¥«¨ç¥¨î. � « á®¬ íâ¨å ¯à®æ¥áá®¢ ¨ ®¯à¥¤¥«ï¥âáï ¨â¥£à «

áâ®«ª®¢¥¨©.
�â®«ª®¢¥¨¥ ç áâ¨æ 1 ¨ 2 ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ¨å à áá¥ï¨¥, ¯à¨

íâ®¬ á¨«®¢ë¬ æ¥âà®¬ áç¨â ¥¬ ç áâ¨æã 2 (à áá¥¨¢ â¥«ì),   ç áâ¨æ¥ 1 ¯à¨-
¯¨è¥¬ ®â®á¨â¥«ìãî áª®à®áâì ~v = (~p2� ~p1)=m; ¨ ¬ ááã à ¢ãîM = m=2:
� à¥§ã«ìâ â¥ à áá¥ï¨ï ¢¥ªâ®à ®â®á¨â¥«ì®© áª®à®áâ¨ ¯®¢¥à¥âáï   ã£®«

à áá¥ï¨ï #. �ää¥ªâ¨¢®¥ ¤¨ää¥à¥æ¨ «ì®¥ á¥ç¥¨¥ â ª®£® à áá¥ï¨ï

¥áâì d� = dN(
)=I; £¤¥ dN(
) { ç¨á«® ç áâ¨æ, à áá¥ïëå §  1 á¥ª. ¢ í«¥-
¬¥â â¥«¥á®£® ã£«  d
, I = n0v { ¯«®â®áâì ¯®â®ª  à áá¥¨¢ ¥¬ëå ç áâ¨æ.
�ë¡¨à ï ¥ª®â®àë© ®à¬¨à®¢®çë© ®¡ê¥¬ V0; â ª®©, çâ® ¢ ¥¬  å®¤¨âáï

®¤  à áá¥¨¢ ¥¬ ï ç áâ¨æ , ¯®«ãç¨¬: I = v=V0: �¢¥¤¥¬ ¤¨ää¥à¥æ¨ «ìãî
¢¥à®ïâ®áâì áâ®«ª®¢¥¨ï, ®â¥á¥ãî ª ¥¤¨¨æ¥ ¢à¥¬¥¨ dw = vd�=V0: �
á«ãç ¥ ã¯àã£®£® à áá¥ï¨ï

d� = 2�b(#)

������
db(#)

d#

������ d#;
b(#) { ¯à¨æ¥«ìë© ¯ à ¬¥âà ª ª äãªæ¨ï ã£«  à áá¥ï¨ï, ª®â®à ï ¢ ª« á-
á¨ç¥áª®© ¬¥å ¨ª¥ ®¯à¥¤¥«ï¥âáï ¯®â¥æ¨ «®¬ ¢§ ¨¬®¤¥©áâ¢¨ï. �®£¤ 

dw =
dN(
)

n0
=

vd�

V0
:

�®¦® ¢¢¥áâ¨ ¨â¥£à «ìãî ¢¥à®ïâ®áâì à áá¥ï¨ï W = (v=V0)�; £¤¥

� = 2�
Z �

0
b(#)

������
db(#)

d#

������ d# �
íää¥ªâ¨¢®¥ á¥ç¥¨¥ à áá¥ï¨ï. �á«¨ ¢¥«¨ç¨ãW ¯à®áã¬¬¨à®¢ âì ¯® ¢á¥¬

ç áâ¨æ ¬{à áá¥¨¢ â¥«ï¬, â® ¯®«ãç¨¬ ¯®«ãî ¢¥à®ïâ®áâì à áá¥ï¨ï ¤ -
®© ç áâ¨æë W = �vn�; £¤¥ �v { áà¥¤¥¥ § ç¥¨¥ ®â®á¨â¥«ì®© áª®à®-
áâ¨, n { ª®æ¥âà æ¨ï à áá¥¨¢ â¥«¥©, �®¦® ¢¢¥áâ¨ áà¥¤¥¥ ¢à¥¬ï á¢®-
¡®¤®£® ¯à®¡¥£  ç áâ¨æë �c = 1=W ¨ áà¥¤îî ¤«¨ã á¢®¡®¤®£® ¯à®¡¥£ 
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`c = �v�c = 1=n�: �à¨ ã¯àã£®¬ à áá¥ï¨¨ ¢ë¯®«ïîâáï § ª®ë á®åà ¥¨ï

í¥à£¨¨ ¨ ¨¬¯ã«ìá  ~p1 + ~p2 = ~p
0

1 + ~p
0

2; "1 + "2 = "01 + "02:
�¢¥¤¥¬ ¯«®â®áâì ¢¥à®ïâ®áâ¨ à áá¥ï¨ï ¤¢ãå ç áâ¨æ ¢ ¥¤¨¨æã ¢à¥-

¬¥¨, áç¨â ï, çâ® ¢ ¥¤¨¨æ¥ ®¡ê¥¬   å®¤¨âáï ®¤  ç áâ¨æ {à áá¥¨¢ â¥«ì:

w(~p1; ~p2j ~p
0

1; ~p
0

2) =
dw

d3p01d3p
0

2

=
vd�

d3p01d3p
0

2

: (3)

�¥«¨ç¨  w ®¡« ¤ ¥â ¢ ¦ë¬¨ á¢®©áâ¢ ¬¨ á¨¬¬¥âà¨¨, á¢ï§ ë¬¨ á ¨-
¢ à¨ â®áâìî ãà ¢¥¨© ¬¥å ¨ª¨ ¯® ®â®è¥¨î ª ®¡à é¥¨î ¢à¥¬¥¨

¨ ¯à®áâà áâ¢¥®¬ã ®âà ¦¥¨î:

t! �t; ~p 0 ! �~p; w(~p1; ~p2j ~p
0

1; ~p
0

2) = w(�~p 01;�~p
0

2j � ~p1;�~p2); (4)

~p ! �~p; w(~p1; ~p2j ~p
0

1; ~p
0

2) = w(�~p1;�~p2j � ~p 01;�~p
0

2): (5)

�§ (4) ¨ (5) á«¥¤ã¥â ¯à¨æ¨¯ ¤¥â «ì®£® à ¢®¢¥á¨ï

w(~p1; ~p2j ~p
0

1; ~p
0

2) = w(~p 01; ~p
0

2j ~p1; ~p2); (6)

¢ëà ¦ îé¨© à ¢¥áâ¢® á¥ç¥¨© ¯àï¬®£® ~p1 + ~p2 ! ~p 01 + ~p 02 ¨ ®¡à â®£®

~p 01 + ~p 02 ! ~p1 + ~p2 ¯à®æ¥áá®¢. �«ï ®¤¨ ª®¢ëå ç áâ¨æ ¨¬¥¥âáï, ªà®¬¥ â®£®,
¤®¯®«¨â¥«ì ï á¨¬¬¥âà¨ï ¯® ®â®è¥¨î ª ¯¥à¥áâ ®¢ª ¬ ç áâ¨æ 1$ 2

w(~p1; ~p2j ~p
0

1; ~p
0

2) = w(~p2; ~p1j ~p
0

1; ~p
0

2) = w(~p1; ~p2j ~p
0

2; ~p
0

1):

�¯à¥¤¥«¨¬ â¥¯¥àì ç¨á«® ç áâ¨æ, ãå®¤ïé¨å ¨§ í«¥¬¥â  ä §®¢®£® ®¡ê-
¥¬  d3rd3p1 ¢¡«¨§¨ â®çª¨ (~r; ~p1) ¢ à¥§ã«ìâ â¥ áâ®«ª®¢¥¨© á ç áâ¨æ ¬¨,
 å®¤ïé¨¬¨áï ¢ ®¡ê¥¬¥ d3r á ¨¬¯ã«ìá ¬¨ ¨§ (~p2; ~p2 + d~p2): �® à ¢® ¯à®-
¨§¢¥¤¥¨î ç¨á«  à áá¥¨¢ ¥¬ëå ç áâ¨æ f(~r; ~p1; t)d3rd3p1   ¯«®â®áâì à áá¥-
¨¢ â¥«¥© f(~r; ~p2; t)d3p2 ¨ ¢¥à®ïâ®áâì à áá¥ï¨ï w(~p1; ~p2j ~p 01; ~p

0

2)d
3p 01d

3p 02dt :

dN (~p1; ~p2 ! ~p 01; ~p
0

2) = f(~r; ~p1; t)d
3rd3p1f(~r; ~p2; t)d

3p2w(~p1; ~p2j ~p
0

1; ~p
0

2)d
3p01d

3p02dt:
(7)

�¨á«® ç áâ¨æ, ¯à¨å®¤ïé¨å ¢ í«¥¬¥â d3rd3p1; ¤ ¥âáï   «®£¨çë¬ ¢ëà -
¦¥¨¥¬:

dN (~p 01; ~p
0

2 ! ~p1; ~p2) = f(~r; ~p 01; t)d
3rd3p01f(~r; ~p2; t)d

3p02w(~p 01; ~p
0

2j ~p1; ~p2)d
3p1d

3p2dt:
(8)
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�ã¬¬ à®¥ ç¨á«® ç áâ¨æ, ãå®¤ïé¨å ¨§ d3rd3p1; ¯®«ãç¨¬ ¨â¥£à¨à®¢ ¨¥¬
(7) ¯® ~p2; ~p 01 ¨ ~p 02 :

dN� = d3rd3p1dt
Z
d3p 01d

3p 02d
3p2w(~p1; ~p2j ~p

0

1; ~p
0

2)f(~r; ~p1; t)f(~r; ~p2; t):

� «®£¨ç® ¨§ (8), á ãç¥â®¬ â¥®à¥¬ë �¨ã¢¨««ï d3p1d3p2 = d3p01d
3p02;  å®-

¤¨¬:

dN+ = d3rd3p1dt
Z
d3p01d

3p02d
3p2w(~p 01; ~p

0

2j ~p1; ~p2)f(~r; ~p
0

1; t)f(~r; ~p
0

2; t):

�á«¨ ®â¥áâ¨ à §®áâì dN+�dN� ª í«¥¬¥âã ä §®¢®£® ¯à®áâà áâ¢ 

¨ ª ¥¤¨¨æ¥ ¢à¥¬¥¨, â® ¯®«ãç¨¬ ¨§¬¥¥¨¥ ®¤®ç áâ¨ç®© äãªæ¨¨ à á-
¯à¥¤¥«¥¨ï, ®¡ãá«®¢«¥®¥ áâ®«ª®¢¥¨ï¬¨, â. ¥. ¨â¥£à « áâ®«ª®¢¥¨©

 
@f

@t

!
áâ

�
dN+ � dN�

d3rd3p1dt
=
Z
d3p2d

3p01d
3p02w(~p1; ~p2j ~p

0

1; ~p
0

2)�

� [f(~r; ~p 01; t)f(~r; ~p
0

2; t)� f(~r; ~p1; t)f(~r; ~p2; t)] :

(�¤¥áì ¬ë ¨á¯®«ì§®¢ «¨ (6).) �à ¢¥¨¥ (2) á ¨â¥£à «®¬ áâ®«ª®¢¥¨©
 
@f

@t

!
áâ

=
Z
d3p2

j~p2 � ~p1j

m
d� [f(~r; ~p 01; t)f(~r; ~p

0

2; t)� f(~r; ~p1; t)f(~r; ~p2; t)] (9)

¨  §ë¢ îâ ª¨¥â¨ç¥áª¨¬ ãà ¢¥¨¥¬ �®«ìæ¬  .

16.2 �â æ¨® à®¥ à¥è¥¨¥ ãà ¢¥¨ï �®«ìæ¬  

� ©¤¥¬ ¥ § ¢¨áïé¥¥ ®â ¢à¥¬¥¨ à¥è¥¨¥ ãà ¢¥¨ï (2) { á ç «  ¡¥§
¢¥è¥£® ¯®«ï, ª®£¤  £ § ï¢«ï¥âáï ¯à®áâà áâ¢¥® ®¤®à®¤ë¬:

@f=@t = 0; ~F = 0; ~rf = 0; ¯®íâ®¬ã (@f=@t)
áâ

= 0;

â. ¥. f(~r; ~p1; t) = f0(~p) ¨

f0(~p 01)f
0(~p 02)� f0(~p1)f

0(~p2) = 0: (10)

�âáî¤ 

ln f0(~p1) + lnf0(~p2) = ln f0(~p 01) + lnf0(~p 02):
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� ª¨¬ ®¡à §®¬, lnf0(~p) ¯à¥¤áâ ¢«ï¥â  ¤¤¨â¨¢ë© ¨â¥£à « ¤¢¨¦¥¨ï ¨,
á«¥¤®¢ â¥«ì®,

ln f0(~p) = c1 � c2";

£¤¥ c1; c2 { ¯®áâ®ïë¥, ª®â®àë¥  ©¤¥¬ ¨§ ãà ¢¥¨©Z
f0(~p)d3rd3p = N;

Z
"(~p)f0(~p)d3rd3p = U: (11)

�®¤áâ ¢¨¢ f0(~p) = exp(c1 � c2") ¢ (11),  ©¤¥¬:

exp(c1) = (N=V )(c2=2�m)3=2; U = 3N=2c2:

�® ¥áâì c2 = � = 1=kT; c1 =  = �� = �=kT; ¨ áâ æ¨® àë¬ à¥è¥¨¥¬

ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥ � ªá¢¥«« 

f0(~p) =
N

V (2�mkT )3=2
exp

0
@� ~p2

2mkT

1
A : (12)

�à¨  «¨ç¨¨ ¢¥è¥£® ¯®«ï u¢ = u¢(~r) áâ æ¨® à®¥ à¥è¥¨¥ ¡ã¤¥¬
¨áª âì ¢ ¢¨¤¥ f(~r; ~p) = n(~r)f0(~p) :

~p

m
~rf � ~ru¢

@f

@~p
=
 
@f

@t

!
áâ

: (13)

� ª ª ª f0(~p) ®¡à é ¥â ¢ ã«ì ¨â¥£à « áâ®«ª®¢¥¨©, â® (13) ¯à¨¨¬ ¥â
¢¨¤

~p

m
~rn(~r)� n(~r)~ru¢(�

~p

mkT
) = 0; ¨«¨ ~rn(~r) +

~ru¢

kT
n(~r) = 0:

�¥è¥¨¥ ¯®á«¥¤¥£® ¥áâì à á¯à¥¤¥«¥¨¥ �®«ìæ¬  

n(~r) = c exp[�u¢(~r)=kT ];

¨ áâ æ¨® à®¥ à¥è¥¨¥ ¥áâì à á¯à¥¤¥«¥¨¥ � ªá¢¥««  { �®«ìæ¬  

f(~r; ~p) =
cN

V (2�mkT )3=2
exp

0
@� ~p2

2mkT
�
u¢(~r)

kT

1
A ;

£¤¥ ¯®áâ®ïãî c  å®¤ïâ, ¨á¯®«ì§ãï ãá«®¢¨¥ ®à¬¨à®¢ª¨ f(~r; ~p) :

c = V
�Z

exp (�u¢(~r)=kT ) d3r
�
�1

:
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16.3 �à¨¡«¨¦¥¨¥ ¢à¥¬¥¨ à¥« ªá æ¨¨ ¤«ï ¨â¥£à «  áâ®«ª®-

¢¥¨©

�ãáâì f0 { à ¢®¢¥á ï ®¤®ç áâ¨ç ï äãªæ¨ï à á¯à¥¤¥«¥¨ï {

f(~r; ~p; t) �!
t!1

f0:

�  ¢à¥¬ï t � �p á¨áâ¥¬  áâ ®¢¨âáï á« ¡®¥à ¢®¢¥á®©, â. ¥.

j�f j

f0
=
jf(~r; ~p; t)� f0j

f0
� 1;

¨ ¯®á«¥¤ãîéãî í¢®«îæ¨î ®â á« ¡®¥à ¢®¢¥á®£® á®áâ®ï¨ï ª à ¢®¢¥á-
®¬ã ¡ã¤¥¬ ®¯¨áë¢ âì íªá¯®¥æ¨ «ì®© § ¢¨á¨¬®áâìî

(�f)t = (�f)t=0 e
�t=�p:

�®£¤ 
d (�f)t

dt
= �

(�f)t
�p

= �
f(~r; ~p; t)� f0

�p
: (14)

�§ï¢ ¯à®¨§¢®¤ãî ¯® ¢à¥¬¥¨ ¢ «¥¢®© ç áâ¨ (14), ¯®«ãç¨¬ ª¨¥â¨ç¥áª®¥

ãà ¢¥¨¥ á à¥« ªá æ¨®ë¬ ¯à¨¡«¨¦¥¨¥¬ ¤«ï ¨â¥£à «  áâ®«ª®¢¥¨©

@f

@t
+

~p

m
~rf � ~ru¢

@f

@~p
= �

f(~r; ~p; t)� f0
�p

: (15)

�â® ¯à®áâ®¥ ãà ¢¥¨¥  ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥âáï ¢ ¯à¨«®¦¥¨ïå ¤«ï

®æ¥®ª ª®íää¨æ¨¥â®¢ ¤¨ääã§¨¨, â¥¯«®¯à®¢®¤®áâ¨, ¢ï§ª®áâ¨, í«¥ªâà®¯à®-
¢®¤®áâ¨ ¨ â. ¯. �à¥¬ï à¥« ªá æ¨¨ �p ¢ (15) ï¢«ï¥âáï ¯®¤£®®çë¬ ¯ à -
¬¥âà®¬, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¢ ª®¥ç®¬ áç¥â¥ ¨§ áà ¢¥¨ï ¯®«ãç¥ëå

®æ¥®ª á íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨. � ¯à®áâ¥©è¨å á«ãç ïå ¢¥«¨ç¨ 

�p { ¯®àï¤ª  áà¥¤¥£® ¢à¥¬¥¨ �c ¬¥¦¤ã áâ®«ª®¢¥¨ï¬¨ ç áâ¨æ (¢à¥¬¥¨
á¢®¡®¤®£® ¯à®¡¥£ ).
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16.4 H-â¥®à¥¬  �®«ìæ¬  

�¤¨¬ ¨§ ¢ ¦¥©è¨å ¯à¨æ¨¯¨ «ìëå ¯à¨«®¦¥¨© ª¨¥â¨ç¥áª®£®

ãà ¢¥¨ï �®«ìæ¬   ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® § ª®  ¢®§à áâ ¨ï íâà®-
¯¨¨. � ª ç¥áâ¢¥ ®¯à¥¤¥«¥¨ï íâà®¯¨¨ ¥à ¢®¢¥á®© á¨áâ¥¬ë ¡ã¤¥¬ à á-
á¬ âà¨¢ âì ä®à¬ã«ã �®«ìæ¬   (15.17), ¢ ª®â®à®© ®¤®ç áâ¨ç ï äãªæ¨ï
à á¯à¥¤¥«¥¨ï § ¢¨á¨â ®â ¢à¥¬¥¨:

S(t) = �k
Z
d3rd3pf(~r; ~p; t) lnf(~r; ~p; t): (16)

� ¬ �®«ìæ¬  à áá¬ âà¨¢ « H-äãªæ¨® «

H(t) =
Z
d3rd3pf(~r; ~p; t) ln f(~r; ~p; t);

ª®â®àë© ®â«¨ç ¥âáï ®â (16) § ª®¬ ¨ ¬®¦¨â¥«¥¬ k: �®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥,
¨§¢¥áâ®¥ ª ª H-â¥®à¥¬  �®«ìæ¬  : ¥á«¨ f(~r; ~p; t) ã¤®¢«¥â¢®àï¥â ª¨¥â¨-
ç¥áª®¬ã ãà ¢¥¨î �®«ìæ¬  , â® dS(t)=dt � 0 (dH=dt � 0).

�¢¥¤¥¬ ¯«®â®áâì íâà®¯¨¨

S = �k
Z
d3pf(~r; ~p; t) ln f(~r; ~p; t)

¨  ©¤¥¬ ¯à®¨§¢®¤ãî íâ®© ¢¥«¨ç¨ë ¯® ¢à¥¬¥¨:

@S

@t
= �k

Z
d3p

@f

@t
(1 + lnf) = �k

Z
d3p

" 
@f

@t

!
áâ

�
~p

m
~rf � ~F

@f

@~p

#
(1 + ln f) =

= �k
Z
d3p

 
@f

@t

!
áâ

(1 + ln f) + k
Z
d3p

"
~p

m
~rf + ~F

@f

@~p

#
(1 + ln f) :

� ª ª ª

~F
@f

@~p
(1 + ln f) = ~F

@(f lnf)

@~p
;

â®

~F
Z
d3p

@(f ln f)

@~p
= ~F (f lnf)

����+1
�1

= 0

¢ á¨«ã ®¡à é¥¨ï ¢ ã«ì äãªæ¨¨ f   £à ¨æ å ä §®¢®£® ¯à®áâà áâ¢ .
�®á¯®«ì§®¢ ¢è¨áì â¥¬, çâ® (~p=m)~rf (1 + ln f) = (~p=m)~r (f ln f) ; ¨ ®¡®-
§ ç¨¢ ç¥à¥§ ~js = �k

R
d3p(~p=m)f ln f ¯«®â®áâì ¯®â®ª  íâà®¯¨¨, ¯®«ãç¨¬
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ãà ¢¥¨¥ ¤«ï ¯«®â®áâ¨ íâà®¯¨¨ á ¨áâ®ç¨ª®¬ ¢ ¯à ¢®© ç áâ¨

@S

@t
+r~js =

 
@S

@t

!
câ
; (17)

£¤¥  
@S

@t

!
áâ

= �k
Z
d3p

 
@f

@t

!
câ
ln f: (18)

�áâ®ç¨ª (@S=@t)câ ¢ (17) ª ª à § ¨ ®¡ãá«®¢«¥ áâ®«ª®¢¥¨ï¬¨ ç áâ¨æ

¬¥¦¤ã á®¡®©. �á«¨ ¡ë áâ®«ª®¢¥¨ï ®âáãâáâ¢®¢ «¨, â® ¬ë ¡ë ¯®«ãç¨«¨

§ ª® á®åà ¥¨ï íâà®¯¨¨ { ãà ¢¥¨¥ ¥¯à¥àë¢®áâ¨

@S

@t
+r~js = 0:

� ©¤¥¬ (@S=@t)câ :
 
@S

@t

!
câ

= �k
Z
d3p1d

3p2d
3p01d

3p02w(1; 2j 10; 20) [f(10)f(20)� f(1)f(2)] ln f(1);

(19)
£¤¥ æ¨äà ¬¨ ¢ áª®¡ª å ®¡®§ ç¥  á®¢®ªã¯®áâì ¢á¥å ¯¥à¥¬¥ëå,  ¯à¨¬¥à
f(1) � f(~r1; ~p1; t): �®á¯®«ì§ã¥¬áï â¥¯¥àì á¢®©áâ¢ ¬¨ á¨¬¬¥âà¨¨ 1 $ 2;
(1; 2)$ (10; 20) ¨ ¯à¨æ¨¯®¬ ¤¥â «ì®£® à ¢®¢¥á¨ï:

w(1; 2j 10; 20) [f(10)f(20)� f(1)f(2)] ln f(1) =

= w(2; 1j 10; 20) [f(10)f(20)� f(2)f(1)] ln f(2) =

= w(10; 20j 1; 2) [f(1)f(2)� f(10)f(20)] ln f(10) =

= w(20; 10j 1; 2) [f(1)f(2)� f(20)f(10)] ln f(20): (20)

�®¤áâ ¢¨¢ ¢¬¥áâ® ¯à ¢®© ç áâ¨ ¢ (19) áã¬¬ã ç¥âëà¥å à ¢ëå á« £ ¥¬ëå
(20), ¤¥«¥ãî   ç¥âëà¥, ¯®«ãç¨¬:

 
@S

@t

!
câ

= �
k

4

Z
d3p1d

3p2d
3p01d

3p02w(1; 2j 10; 20)�

� [f(10)f(20)� f(1)f(2)] ln

2
4 f(1)f(2)
f(10)f(20)

3
5 : (21)
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�¥«¨ç¨  (@S=@t)câ ¯®«®¦¨â¥«ì  ¯à¨ «î¡ëå á®®â®è¥¨ïå ¬¥¦¤ã á®¬®-
¦¨â¥«ï¬¨ ¢ ª¢ ¤à âëå áª®¡ª å (21) (ªà®¬¥ á«ãç ï ¨å à ¢¥áâ¢ ), â. ¥.

 
@S

@t

!
áâ

� 0: (22)

�â¥£à¨àãï (17) ¯® ¯à®áâà áâ¢ã á ãç¥â®¬ (22), ¯®«ãç¨¬ ¤®ª § â¥«ìáâ¢®

á¤¥« ®£® ãâ¢¥à¦¤¥¨ï ® ¥ã¡ë¢ ¨¨ íâà®¯¨¨ £ § :

dS

dt
� 0:

� ª à ¢¥áâ¢  ®â®á¨âáï ª á«ãç î f(10)f(20) = f(1)f(2); ® íâ® ãá«®¢¨¥

¤ ¥â, ª ª ¬ë ã¦¥ ¢¨¤¥«¨ (á¬. (10)), ¬ ªá¢¥««®¢áª®¥ à á¯à¥¤¥«¥¨¥.
� ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ®¡à é¥¨ï ¢ ã«ì ¨â¥£à « 

áâ®«ª®¢¥¨© ¨, á«¥¤®¢ â¥«ì®, ¯à¥ªà é¥¨ï ¯à®¨§¢®¤áâ¢  íâà®¯¨¨ ï¢«ï-
¥âáï ãáâ ®¢«¥¨¥ à ¢®¢¥á®£® ¬ ªá¢¥««®¢áª®£® à á¯à¥¤¥«¥¨ï ¤«ï ®¤®-
ç áâ¨ç®© äãªæ¨¨ f: � íâ®¬ á«ãç ¥ íâà®¯¨ï ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ «ì-
®£® § ç¥¨ï. �®¤ç¥àª¥¬, çâ® ¥á«¨ ¯à¨ à áá¬®âà¥¨¨ áâ æ¨® à®£® à¥-
è¥¨ï ¬ ªá¢¥««®¢áª®¥ à á¯à¥¤¥«¥¨¥ ¡ë«® ¤®áâ â®çë¬ ¤«ï ®¡à é¥¨ï ¢

ã«ì ¨â¥£à «  áâ®«ª®¢¥¨©, â® â¥¯¥àì ¬ë ãáâ ®¢¨«¨, çâ® á®®â®è¥¨¥
f(10)f(20) = f(1)f(2) ®ª §ë¢ ¥âáï ¨ ¥®¡å®¤¨¬ë¬, ¨ á«¥¤®¢ â¥«ì®, à á-
¯à¥¤¥«¥¨¥ � ªá¢¥««  { �®«ìæ¬   ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ áâ æ¨® àë¬
à¥è¥¨¥¬ ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï �®«ìæ¬  .

�â ª, H-â¥®à¥¬  ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ¢ëà ¦¥¨¥¬ ¥®¡à â¨¬®-
áâ¨ ¬ ªà®áª®¯¨ç¥áª¨å ¯à®æ¥áá®¢ (¯® ªà ©¥© ¬¥à¥ ¢ á¨áâ¥¬ å, ã¤®¢«¥â¢®-
àïîé¨å áä®à¬ã«¨à®¢ ë¬ ¢ëè¥ ãá«®¢¨ï¬): ¢ å®¤¥ á¯®â ®© í¢®«îæ¨¨
¨§®«¨à®¢ ®© á¨áâ¥¬ë íâà®¯¨ï ¢®§à áâ ¥â ¢ à¥§ã«ìâ â¥ áâ®«ª®¢¥¨©

ç áâ¨æ ¬¥¦¤ã á®¡®©; à®áâ ¯à¥ªà é ¥âáï ¯à¨ ¤®áâ¨¦¥¨¨ á¨áâ¥¬®© à ¢®-
¢¥á®£® á®áâ®ï¨ï, ª®£¤  ®¤®ç áâ¨ç ï äãªæ¨ï áâ ®¢¨âáï ¬ ªá¢¥«« {
¡®«ìæ¬ ®¢áª¨¬ à á¯à¥¤¥«¥¨¥¬. �  ª ª®¬ ¦¥ íâ ¯¥  è¥£® à áá¬®âà¥-
¨ï ¢®§¨ª«  ¥®¡à â¨¬®áâì (¢¥¤ì ¬ë ¨á¯®«ì§®¢ «¨ ®¡à â¨¬ë¥ ¢® ¢à¥¬¥¨

ãà ¢¥¨ï ¤¢¨¦¥¨ï ç áâ¨æ)? �¥à¥ç¨á«¨¬ ¥é¥ à § ã¯à®é¥¨ï ¨ ¯à¥¤¯®-
«®¦¥¨ï, ª®â®àë¥ ¬ë ¨á¯®«ì§®¢ «¨ ¯à¨ ¢ë¢®¤¥ ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï

�®«ìæ¬  : 1) ãç¨âë¢ îâáï â®«ìª® ¯ àë¥ áâ®«ª®¢¥¨ï, çâ® ®¯à ¢¤ ®
¤«ï à §à¥¦¥®£® £ §  á nr30 � 1; 2) «®ª «ì®áâì ¢ ¯à®áâà áâ¢¥ { ¥
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ãç¨âë¢ « áì ¯à®áâà áâ¢¥ ï ¥®¤®à®¤®áâì   à ááâ®ï¨ïå, áà ¢¨-
¬ëå á à ¤¨ãá®¬ ª®àà¥«ïæ¨¨ (¢§ ¨¬®¤¥©áâ¢¨ï) ç áâ¨æ r0; 3) «®ª «ì®áâì ¢®
¢à¥¬¥¨ { ¢à¥¬ï ¢§ ¨¬®¤¥©áâ¢¨ï ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã �0 � �t; £¤¥
�t { ¨â¥à¢ « ¢à¥¬¥¨, ¢ â¥ç¥¨¥ ª®â®à®£® ®¤®ç áâ¨ç ï äãªæ¨ï áãé¥-
áâ¢¥® ¥ ¨§¬¥ï¥âáï; 4) ç¨á«® áâ®«ª®¢¥¨© ¯à®¯®àæ¨® «ì® ¯à®¨§¢¥-
¤¥¨î f(1)f(2) { £¨¯®â¥§  "¬®«¥ªã«ïà®£® å ®á " �®«ìæ¬   (¨«¨ ãá«®¢¨¥
®á« ¡«¥¨ï ª®àà¥«ïæ¨© ç áâ¨æ ¢ ¯®¤å®¤¥ �®£®«î¡®¢ ).

�®á«¥¤¥¥ ¯à¥¤¯®«®¦¥¨¥ ¯àï¬® ¯à®â¨¢®à¥ç¨â ¬¥å ¨ª¥, ¯®áª®«ìªã
¢§ ¨¬®¤¥©áâ¢¨¥ ç áâ¨æ ¯à¨¢®¤¨â ª ª®àà¥«ïæ¨ï¬ ¨ ç¨á«® ¯ à ¢§ ¨¬®¤¥©áâ-
¢ãîé¨å ç áâ¨æ ®¯à¥¤¥«ï¥âáï ¤¢ãåç áâ¨ç®© äãªæ¨¥© f2(1; 2) 6= f(1)f(2):
�®íâ®¬ã ¥ï¢® ¢ë¯®«¥®¥ ãáà¥¤¥¨¥   ¯à®áâà áâ¢¥®{¢à¥¬¥ëå
¬ áèâ ¡ å �r � r0; �t � �0;  àãè ¥â ¬¨ªà®áª®¯¨ç¥áªãî ®¡à â¨¬®áâì.
�á«¨ ¡ë ¬ë ¬®£«¨ à áá¬®âà¥âì "â®ªãî" áâàãªâãàã, â® ã¢¨¤¥«¨ ¡ë, çâ®
S(t) ä«ãªâã¨àã¥â, ¨ ¯à®¨§¢®¤ ï dS=dt ¯à¨¨¬ ¥â ª ª ¯®«®¦¨â¥«ìë¥, â ª
¨ ®âà¨æ â¥«ìë¥ § ç¥¨ï. �â® ¥ ¯à®â¨¢®à¥ç¨â H-â¥®à¥¬¥, â ª ª ª ® 
«¨èì ãâ¢¥à¦¤ ¥â, çâ® ¥á«¨ á¨áâ¥¬   å®¤¨âáï ¢ á®áâ®ï¨¨ "¬®«¥ªã«ïà®£®
å ®á ", â® ¢ á«¥¤ãîé¨© ¬®¬¥â dS=dt > 0: �à ¢¥¨¥ �®«ìæ¬   á¯à ¢¥¤-
«¨¢® â®«ìª® ¤«ï â¥å ¬®¬¥â®¢ ¢à¥¬¥¨, ª®£¤  £ §  å®¤¨âáï ¢ á®áâ®ï¨¨
¬®«¥ªã«ïà®£® å ®á . �â®«ª®¢¥¨ï ç áâ¨æ à §àãè îâ íâ® á®áâ®ï¨¥ {
¢®§¨ª ¥â ª®àà¥«¨à®¢ ®¥, â. ¥. ¡®«¥¥ ã¯®àï¤®ç¥®¥, á®áâ®ï¨¥, ª®â®à®¥
®â¢¥ç ¥â «®ª «ì®¬ã ¬¨¨¬ã¬ã íâà®¯¨¨. � á«¥¤ãîé¨© ¬®¬¥â ¢à¥¬¥¨

à®áâ íâà®¯¨¨ ¢®§®¡®¢¨âáï, ¨ â ª ¤® â¥å ¯®à, ¯®ª  f ¥ áâ ¥â ¬ ªá¢¥««®¢-
áª¨¬ à á¯à¥¤¥«¥¨¥¬. � ª¨¬ ®¡à §®¬, H-â¥®à¥¬  £®¢®à¨â â®«ìª® ® "ªàã¯-
®§¥à¨áâ®¬" ¨«¨ ®£àã¡«¥®¬ ¯®¢¥¤¥¨¨ íâà®¯¨¨, ¯®áª®«ìªã ¨ä®à¬ æ¨¨
® "â®ª®©" áâàãªâãà¥ ®¤®ç áâ¨ç®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¢ ª¨¥â¨ç¥-
áª®¬ ãà ¢¥¨¨ �®«ìæ¬   ¥ á®¤¥à¦¨âáï.
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